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Abstract In this paper, we present an original method to solve convex bilevel program-
ming problems in an optimistic approach. Both upper and lower level objective functions are
convex and the feasible region is a polyhedron. The enumeration sequential linear program-
ming algorithm uses primal and dual monotonicity properties of the primal and dual lower
level objective functions and constraints within an enumeration frame work. New optimality
conditions are given, expressed in terms of tightness of the constraints of lower level problem.
These optimality conditions are used at each step of our algorithm to compute an improving
rational solution within some indexes of lower level primal-dual variables and monotonicity
networks as well. Some preliminary computational results are reported.

Keywords Convex quadratic bilevel program · Enumeration sequential quadratic
programming algorithm · Primal-dual monotonicity · Monotonicity network

1 Introduction

The bilevel programming problems (BLP) are hierarchical optimization problems in the sense
that their constraints are defined in part by a second parametric optimization problem. We
can also define BLP as a sequence of two optimization problems in which the feasible region
of the upper level problem is determined implicitly by the solution set of the lower level
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problem. Early formulations of BLP can be found in [30,37]. Candler and Norton [13,14]
were the first to use the term ‘bilevel’ or ‘multilevel’, to describe a development policy
problem. Comprehensive overview of the historical development of BLP can be found in
[18,21,41]. The properties as optimality conditions of BLP have been studied in many papers
as in [4,5,9,11,20]. Jeroslow [28], Ben-Ayed and Blair [7] showed that the linear BLP is NP-
hard. Hansen et al. [27] strengthened this result; they proved that BLP is strongly NP-hard.
Marcotte and Savard [34] present the relationship between two specific classes of bilevel
programs and well-known combinatorial problems. Applications have been a stimulating
factor for the development of bilevel programming and some related algorithms. The num-
ber of papers presenting applications is constantly growing. Interesting applications include
the investigation of network of oligopolies [1], as well as the determination of optimal prices,
as road tolls or prices for electricity [10]. Related is the determination of optimal tax credits
for biofuel production [7]. An overview on applications of bilevel programming can be found
in [43].

The formulation of BLP considered in this paper follows: QCBL

minx,y F(x, y) = ct
1x + dt

1 y + (xt , yt )N (xt , yt )t

s.t.

⎧
⎪⎪⎨

⎪⎪⎩

x ∈ P = {x ≥ 0 : A1x ≤ b1} ,

miny f (x, y) = ct
2x + dt

2 y + (xt , yt )Q(xt , yt )t

s.t.

{
A2x + B2 y ≤ b2,

y ≥ 0.

(1.1)

where N , Q ∈ R
(n1+n2)×(n1+n2) are symmetric positive semidefinite matrices, c1, c2 ∈

R
n1 , d1, d2 ∈ R

n2 , Fand f are the objective functions of the upper level (leader) and the
lower level (follower), respectively, A1 ∈ R

m1×n1 , A2 ∈ R
m×n1 , B2 ∈ R

m×n2 and the rank
of B2 is equal to m, b1 ∈ R

m1 , b2 ∈ R
m ; x ∈ R

n1 and y ∈ R
n2 are the decision vari-

ables under the control of the upper level and the lower level, respectively. The polyhedron
� = {(x, y) ∈ P × R

n2+ : A2x + B2x ≤ b2} defined by both upper and lower levels is called
feasible region of the problem (1.1). Given a value x of the upper level variable, M(x) is the
set of optimal solutions of the lower level problem define by the following program

miny f (x, y) = ct
2x + dt

2 y + (xt , yt )Q(xt , yt )t

s.t.

{
A2x + B2 y ≤ b2,

y ≥ 0.

(1.2)

An element of the inducible region defined by I R = {(x, y) ∈ � : y ∈ M(x)} is called a
rational solution. As most of the contributions to bilevel programming, we consider the BLP
problem (1.1) in an optimistic approach i.e., for a given value of the upper level variable x ,
the solution of the lower level problem y ∈ M(x) is computed as the best one according to
the goal of the upper level problem. Based on the same fact, several algorithms have been
proposed that compute an optimal solution using enumeration scheme (see [15]). One of a
solution approach to BLP is to transform the original two level problems into a single level
problem by replacing the lower level problem with its Karush–Kuhn–Tucker (KKT) opti-
mality conditions; based on this transformation, other methods containing branch-and-bound
algorithms were developed (see [3,22,25,27,39]). Local optimization procedures were also
developed (see [29,38,42]).

Using monotonicity properties, the HJS algorithm for linear BLP (see [27]) exploits neces-
sary conditions for some subsets of the lower level problem to contain at least one constraint
that is active. That algorithm also investigates branching rules, based on logical relation
expressing the conditions of the tightness of constraints which have been detected. In this
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paper, we propose an enumeration sequential quadratic programming algorithm to solve the
problem (1.1) where F and f are convex functions. We introduce from monotonicity prin-
ciples an original concept of monotonicity networks. A monotonicity path is used to express
the tightness of some subsets of the primal and dual lower level constraints, depending on
the current rational solution. At each step of our algorithm, monotonicity paths are used to
compute an improving rational solution within the tightness of primal-dual lower level con-
straints. Given a feasible or rational solution in a branch and bound framework, our method
performs a sequential investigation on some indexes of lower level primal-dual variables in
order to compute some improved rational solutions.

The organization of the rest of the paper is as follows. The next section is devoted to the
conceptual framework of our algorithm. Here, we introduce monotonicity networks from
monotonicity principles to express the tightness of the lower level problem. Our algorithm
is stated in Sect. 3 and illustrated by an example in Sect. 4. Finally, computational experi-
ences are reported in Sect. 6; on one of the problem solved, we illustrate how, the solution
computed by the global optimization method introduced by Muu and Quy [35] or by the
genetic algorithm of Wang et al. [44] is not feasible, contrary to the solution computed by
our algorithm.

2 Preliminaries

In problem (1.1), let

Q =
[

Qx Qxy

Qt
xy Qy

]

where Qx ∈ R
n1×n1 , Qy ∈ R

n2×n2 , Qxy ∈ R
n1×n2 .

Then, the lower level objective function is transformed into

f (x, y) = ct
2x + xt Qx x + (d2 + 2Qxy x)t y + yt Qy y.

Next, as discussed in [3,39] we assume that the set of feasible solution � is nonempty and
bounded.

The KKT formulation of problem (1.1) follows: QCBLKKT

minx,y,u,v,w F(x, y) = ct
1x + dt

1 y + (xt , yt )N (xt , yt )t

s.t.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x ∈ P,

A2x + B2 y + w = b2,

2Qxy x + 2Qy y + Bt
2u − v = −d2,

utw = vt y = 0,

x, y, u, v, w ≥ 0,

(2.1)

where u ∈ R
m is the dual lower level variable, or the vector of KKT multipliers of the

lower level problem, w ∈ R
m+ and v ∈ R

n2+ are, respectively, the primal and dual slack vari-
ables. Nonconvexity arises first in the complementarity conditions utw = vt y = 0. These
conditions are usually not difficult to handle as they can be taken implicity into account
in the separation framework of branch and bound algorithm. The ESQP algorithm uses the
KKT formulation of problem (1.1) within the monotonicity analysis; the main idea of the
algorithm consists in performing a sequential investigation on some subsets of indexes of
complementarity variables in order to compute an improving rational solution of problem
(1.1). We define the support of a vector as follows:
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Definition 2.1 Let S = {1, 2, . . . , n2} and R = {1, 2, . . . , m}; the support of a vector
y ∈ R

n2+ is defined as spp(y) = {i ∈ S : yi = 0}; all the components of y with indexes in
spp(y) are equal to zero, whereas for u ∈ R

m+, spp(u) = { j ∈ R : u j = 0}.
A rational point (x∗, y∗) ∈ � is an optimal solution of the problem (1.1) if and only if

there exist u∗ ∈ R
m+, v∗ ∈ R

n2+ , w∗ ∈ R
m+ such that (x∗, y∗, u∗, v∗, w∗) is an optimal solution

of the problem (2.1) (see ref. [4]). Let FK K T be the set of feasible solutions of problem (2.1);
if (x∗, y∗, u∗, v∗, w∗) ∈ FK K T , then from the complementarity constraints in (2.1), there
exist partitions of indexes (I∗, I C∗ ) in S and (J∗, J C∗ ) in R such that I∗ ⊆ spp(y∗), I C∗ ⊆
spp(v∗) with I C∗ = S\I∗, and J∗ ⊆ spp(u∗), J C∗ ⊆ spp(w∗) with J C∗ = R\J∗. For a
given step k of the ESQP algorithm, let rk = (yk, uk, vk, wk); to build subsets of indexes
included in spp(ȳ) and spp(ū) corresponding to an improving prima-dual rational solution
z̄ = (x̄, ȳ, ū, v̄, w̄) ∈ FK K T , sequentially we solve a family of relaxed quadratic convex
problems formulated below: QCBRT

minx,y,u,v,w F(x, y)

s.t.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x ∈ P,

A2x + B2 y + w = b2,

2Qxy x + 2Qy y + Bt
2u − v = −d2,

rt = 0 for t ∈ T,

x ≥ 0, r = (y, u, v, w) ≥ 0,

(2.2)

where T ⊆ N (rk). For r = (y, u, v, w), N (r) represents a subset of indexes of r whose
properties are described in the next subsection.

Let zk0+1 = (xk0+1, yk0+1, uk0+1, vk0+1, wk0+1) be a feasible solution of some relaxed
quadratic program QCBRT where T ⊆ N (rk0) at a step k of the ESQP algorithm such
that k0 ≥ k, and let z∗ = (x∗, y∗, u∗, v∗, w∗) ∈ FK K T be the current feasible solution of
the problem (2.1). All the components of a primal-dual lower level variables in zk0 with
indexes in T are constrained to be equal to 0, leading then to zk0+1. From a feasible solution
zk0 of some program QCBRT ,T ⊆ N (rk0−1), and from the family of subsets of indexes
T ⊆ N (rk0), the ESQP algorithm constructs sequentially a partition of indexes (I, I C ) in S
and (J, J C ) in R such that I ⊆ spp(yk0+1) (⇒ I C ⊆ spp(vk0+1)), J ⊆ spp(uk0+1) (⇒
J C ⊆ spp(wk0+1)) with F(xk0+1, yk0+1) ≤ val F within an enumerative scheme, where
val F represents the current value of the upper level objective function. We now introduce
the definitions of improving and improvable rational solutions related to the ESQP algorithm.

Definition 2.2 Let (x∗, y∗) ∈ I R be the current rational solution of problem (1.1) and
let zk0+1 = (xk0+1, yk0+1, uk0+1, vk0+1, wk0+1) be a computed feasible solution of some
relaxed quadratic program QCBRT where T ⊆ N (rk0) at a given step k of the ESQP algo-
rithm such that k0 ≥ k. If zk0+1 ∈ FK K T , then the solution (xk0+1, yk0+1) ∈ I R is called
improving rational solution for the ESQP algorithm whereas (x∗, y∗) ∈ I R is an improv-
able rational solution.

Remark 2.1 The relaxed programs solved within the branch and bound algorithm in [3] are
almost identical to the family of programs QCBRT , where |T | ≥ 1.

Let z∗ = (x∗, y∗, u∗, v∗, w∗) be the current solution of the problem (2.1), and let’s con-
sider the subsets of indexes I ⊂ S and J ⊂ R. If J C ⊆ spp(w∗), then the primal lower level
constraints with indexes i ∈ J C become equalities. Similarly, if I C ⊆ spp(v∗), then all of the
constraints of the dual lower level problem with indexes j ∈ I C become equalities. A primal
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lower level variable y j or dual lower level variable ui can also be equal to zero at optimality.
We find such variables as well as the family of indexes of primal-dual lower level variables
N (r∗) by using the monotonicity principles. These principles were introduced first by Wilde
[45], while Hansen et al. [26] generalized them. The HJS algorithm [27] takes advantage of
these principles within a branch and bound framework; it exploits the condition of tightness
of the lower level constraints. But, the enumerative scheme used by the ESQP algorithm may
not investigate all the combinations of partitions of indexes (I∗, I C∗ ) and (J∗, J C∗ ) defined
previously in order to compute a global optimal solution of the BLP problem (1.1). Therefore,
in this paper, the convergence of the ESQP algorithm to the global optimal solution will not
be possible to investigate.

Notation In this the paper, a monotonicity property will be denoted by M-property.

2.1 Necessary optimality conditions: M-principles

From the lower level objective function and the dual of the lower level program, we state
M-principles considered as the key of our algorithm. The dual lower level problem DPS(x)
has the following formulation: DPS(x)

maxu,y D f (u, y) = ct
2x + xt Qx x + (A2x − b2)

t u − yt Qy y

s.t.

{−2Qxy x − 2Qy y − Bt
2u ≤ d2,

y, u ≥ 0.

(2.3)

The ESQP algorithm uses the KKT formulation of problem (1.1), as well as the pri-
mal-dual M-principles involving the primal and dual lower level problem, contrary to the
M-analysis introduced in [27] which deals only with the primal lower level problem. The
M-analysis is usually applied to the lower level primal variables, whereas some components
of the dual lower level variables may also be equal to zero at optimality. Therefore, the M-
analysis should be applied to the dual variable u. This approach can contribute to determine
analytically variables in the complementarity constraints which may be equal to zero at opti-
mality, contrary to the treatment that Bard and Moore [3] applied to these variables in their
algorithm.

Let’s assume that ī represents the index of the i th component of the slack variable w,
whereas j̄ represents the index of the j th component of the slack variable v. Let (Bi j ) be the
coefficients of matrix B2. For each lower level variable y j , j ∈ S, let us define the following
sets:

I j+ = {
ī : i ∈ {1, 2, . . . , m}, Bi j > 0 and ∇y j f (x, y) < 0, (x, y) ∈ �

}
,

I j− = {
ī : i ∈ {1, 2, . . . , m}, Bi j < 0 and ∇y j f (x, y) > 0, (x, y) ∈ �

}
,

I j± = {
ī : i ∈ {1, 2, . . . , m}, Bi j 
= 0 and ī /∈ I j+ ∪ I j−

}
.

(2.4)

The primal M-principles stated in the theorem below gives an indication: (i) on the compo-
nents of the primal lower level variable which may be equal to zero at optimality, or (ii) on
the tightness of the primal lower level constraints at optimality.

Theorem 2.1 (Primal M-principles). Let (x̄, ȳ) be a rational solution of the problem (1.1).
Let’s consider the lower level primal constraints; then, for all j ∈ S, (a) there exists at least
one lower level active constraint with index i such that ī ∈ I j+ ∪ I j± ; moreover, (b) there
exists at least one lower level active constraint with index i such that ī ∈ I j− .
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Proof Assume by contradiction that for some rational solution (x̄, ȳ), there exists some
j ∈ S such that ∇y j f (x̄, ȳ) < 0 and (a) does not hold. Let ε ∈ R and consider the vec-
tor y = ȳ + εe j where e j is the unit vector with the j th component equal to 1. Since f
is continuous, there exists δ > 0 such that ∇y j f (x̄, y) < 0 for all ε < δ. Moreover, as
B2 y ≤ b2 − A2 x̄ , there exists δ′such that y remains feasible for all ε < δ′ in all constraints
with index i such that ī ∈ I j+ ∪ I j± (since (a) does not hold, i.e., constraints with index i
such that ī ∈ I j+ ∪ I j± are satisfied as strict inequalities). It is also easy to check that (x̄, y)

satisfies the constraints with ī ∈ I j− , as the corresponding function is not increasing with
respect to y j .

Consider now a vector y with ε satisfying 0 < ε < min{δ, δ′}. It leads to a feasible
solution with a value lower than f (x̄, ȳ), which is a contradiction.
A similar reasoning can be made for (b). �
Corollary 2.1 Let’s consider the lower level primal constraints. For any optimal solution
(x̄, ȳ) of problem (1.1), the tightness of the constraints of the lower level problem is such that
for all j ∈ S, there exists, at least one active constraint with index i such that ī ∈ I j+ ∪ I j± ;
moreover, there exists at least one active constraint with index i such that ī ∈ I j− .

Proof Since optimal solutions of problem (1.1) are rational, this follows immediately from
Theorem 2.1.

Let’s now consider the dual of the lower level program (2.3). For a given value x ∈ P ,
�∗(x) represents the dual feasible region of the lower level problem. For each dual lower
level variable ui , i ∈ R, one defines the following index sets:

Ji+ = {
j̄ : j ∈ S, Bi j < 0 and ∇ui D f (u, y) > 0, u ∈ �∗(x)

}
,

Ji− = {
j̄ : j ∈ S, Bi j > 0 and ∇ui D f (u, y) < 0, u ∈ �∗(x)

}
,

Ji± = {
j̄ : j ∈ S, Bi j 
= 0 and j̄ /∈ Ji+ ∪ Ji−

}
.

(2.5)

The following theorem (respectively corollary) is a statement of M-principles, applied to the
dual of lower level program (2.3). The proof is the same as for Theorem 2.1 (respectively
corollary 2.1).

Theorem 2.2 (Dual M-principles). Let (x̄, ȳ) be a rational solution of problem (1.1) and
let ū be an optimal solution of problem DPS(x̄). Let’s consider the lower level dual con-
straints; then, for all i ∈ R, there exists at least one active constraint with index j such that
j̄ ∈ Ji+ ∪ Ji± . Moreover, there exists at least one active constraint with index j such that
j̄ ∈ Ji−.

Corollary 2.2 For any optimal solution (x̄, ȳ) of problem (1.1) and for any optimal solution
of DPS(x̄), the tightness of the constraints in problem DPS(x̄) is such that for all i ∈ R, there
exists at least one active constraint with index j ∈ Ji+ ∪ Ji± ; moreover, there exists at least
one active constraint with index j such that j̄ ∈ Ji− .

Using only structural lower level and upper level primal and dual variables, the constraints
in problem (2.1) can be written as:

⎡

⎢
⎢
⎣

A2 B2 y 0
−2Qxy −2Qy −Bt

2
0 −In2 0
0 0 −Im

⎤

⎥
⎥
⎦

⎛

⎝
x
y
u

⎞

⎠ ≤
⎡

⎣
b2

d2

0

⎤

⎦ . (2.6)
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From the formulations (2.1) and (2.6), we associate to each primal lower level constraint
with index i , a boolean variable αi such that, if αi = 1, this constraint becomes an equal-
ity (i ∈ spp(w∗)). To the primal lower level variable with index j , we associate a boolean
variable αm+n2+ j such that, if αm+n2+ j = 1, then y∗

j = 0 ( j ∈ spp(y∗)). Assume that f is
decreasing with respect to y j and consider the set of indexes I j+ as in (2.4). According to
Theorem 2.1, at least one of the boolean variable αi with ī ∈ I j+ is such that αi = 1. Then,
the inequality

∑
I :Bi j >0 αi ≥ 1 holds. Now, assume that f is increasing with respect to y j

and consider the set of indexes I j− as in (2.4). According to Theorem 2.1, at least one of the
boolean variable αi with ī ∈ I j− is such that αi = 1. As −y j ≤ 0 in (2.6), we may also have
αm+n2+ j = 1. Then, the inequality

∑
I :Bi j <0 αi + αm+n2+ j ≥ 1 holds.

Note that Theorem 2.1 generalizes to bilevel programming, the first monotonicity condi-
tion in [27]. The following properties introduced by Hansen et al. [27], represent necessary
optimality conditions, formulated as the tightness of the lower level constraints; it is another
way to formulate Theorems 2.1 and 2.2.

Property 2.1 For any rational solution(x∗, y∗)to problem (1.1), the tightness of the primal
lower level constraints is such that:

∑

i :Bi j >0

αi ≥ 1 if ∇y j f (x∗, y∗) < 0, (p1)

∑

i :Bi j <0

αi + αm+n2+ j ≥ 1 if ∇y j f (x∗, y∗) > 0, (p2)

∑

i :Bi j 
=0

αi ≥ 1 if ∇y j f (x∗, y∗) = 0, (p3)

(2.7)

for j = 1, . . . , n2 and i = 1, . . . , m.

As previous formulation in (2.6), we associate to each dual lower level constraint with
index m + j , a boolean variable αm+ j . If αm+ j = 1, then this constraint becomes an equality
( j ∈ spp(v∗)). To the dual lower level variable with index i , we also associate a boolean
variable αm+2n2+ j such that, if αm+2n2+i = 1, then u∗

i = 0 (i ∈ spp(u∗)).

Property 2.2 For any rational solution (x∗, y∗) to problem (1.1) and for any optimal solu-
tion u∗ of the dual problem (2.3), the tightness of the constraints for problem (2.3) is such
that:

∑

j :Bi j >0

αm+ j ≥ 1 if ∇ui D f (u,∗ y∗) > 0, (d1)

∑

j :Bi j <0

αm+ j + αm+2n2+i ≥ 1 if ∇ui D f (u,∗ y∗) < 0, (d2)

∑

j :Bi j 
=0

αi ≥ 1 if ∇ui D f (u,∗ y∗) = 0, (d3)

(2.8)

for j = 1, . . . , n2 and i = 1, . . . , m.

Let z∗ = (x∗, y∗, u∗, v∗, w∗) ∈ FK K T be the current feasible solution of the problem
(2.1). From the logical relations (2.7) and (2.8), for each of the respective values ∇y j f (x∗, y∗)
and ∇ui D f (u∗, y∗) of partial gradient of the primal and dual lower level objective functions,
we introduce an M-indexes subset defined as follow:

For j ∈ S(indexes ofy), J j =
⎧
⎨

⎩

{ī : Bi j > 0} if ∇y j f (x∗, y∗) > 0
{ī : Bi j < 0} ∪ { j} if ∇y j f (x∗, y∗) < 0
{ī : Bi j 
= 0} if ∇y j f (x∗, y∗) = 0.

(2.9)
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For i ∈ R (indexes of u), Ji+n2 =
⎧
⎨

⎩

{ j̄ : Bi j < 0} if ∇ui D f (u∗, y∗) > 0
{ j̄ : Bi j > 0} ∪ {i} if ∇ui D f (u∗, y∗) < 0
{ j̄ : Bi j 
= 0} if ∇ui D f (u∗, y∗) = 0.

(2.10)

Note that when an M-indexes subset J j is such that
∣
∣J j

∣
∣ = 1, then necessarily, at optimality

one has yt = 0 or ut = 0, for {t} = J j .

2.2 Using the M-principles in the ESQP algorithm

The M-principles are used in the ESQP algorithm as follows: let J j0 be an M-indexes
subset with the smallest cardinality, i.e.,

∣
∣J j0

∣
∣ = min1≤ j≤m+n2

∣
∣J j

∣
∣. We define an

M-network G0
M as follows: we consider an initial enumeration of M-indexes subsets

J j0 , J j1 , J j2 , . . . , J jRo , J jRo+1 . . . , J jm+n2−1 . Each element of J jt is a node of level t ∈
{0, 1, 2, . . . , m + n2 − 1} in the network G0

M . Within an initial enumeration of M-indexes
subsets, let J jt and J jt+1 be two consecutive M-indexes subsets. An edge (i1, i2) ∈ G0

M is
such that i1 ∈ J jt , i2 ∈ J jt+1 and i1 
= i2. We now introduce the concept of M-tree and
M-path as follows:

Definition 2.3 Let G0
M be an M-network and let J j0 be some M-indexes subset with 1 ≤

j0 ≤ m + n2; we define an M-tree with a root i0 ∈ J j0 as a subset of vertexes in ∈ G0
M such

that there exists a path called M-path, connecting i0 to in .

Walk on M-trees: Let A0
M be the set of M-trees and let T = {i0, i1, . . . , il} be an M-path

such that i0 ∈ J j0 ; for l > 0, we haveil ∈ J jl . An M-path T is such that αi = 1 for all
i ∈ T and αi ≥ 0ifi /∈ T ; this means that at a given step k of the ESQP algorithm, the lower
level components are such that T ⊂ spp(r̄) and r̄i ≥ 0 if i /∈ T . In other words, the lower
level constraints with the slack variables index i ∈ T become equalities at z̄. Moreover, by
construction of the M-network, if we have for all t ≥ 0it ∈ J jt ∩ T , thenαit = 1 and αi ≥ 0
for all i ∈ J jt such that i 
= it .

NB: In the ESQP algorithm, N (r) is an M-indexes subset for any r = (y, u, v, w).

Example 2.1 We consider the following BLP program [38].

minx,y(x − 1)2 + 2y2
1 − 2x

s.t.

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min(2y1 − x)2 + (2y2 − 1)2 + xy1

s.t.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

4x + 5y1 + 4y2 ≤ 12,

−4x − 5y1 + 4y2 ≤ −4,

4x − 4y1 + 5y2 ≤ 4,

−4x + 4y1 + 5y2 ≤ 4,

x, y1, y2 ≥ 0.

(2.11)

At the following points,
[
x0, y0

1 , y0
2

]
=[0.8190, 1.6129, 0.1649] ,

[
u0

1, u0
2, u0

3, u0
4

]=[0.074, 0,

0, 0.477 ], one has the following vectors of partial gradients: P f 0 = [−2.2778,−2.6810] and
D f (u0, y0) = [8.7240,−0.7240, 0.7240, 7.2760]. The following program is a relaxation of
KKT formulation of problem (2.11): QCBRK K T
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minx,y,u,v,w(x − 1)2 + 2y2
1 − 2x

s.t.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

4x + 5y1 + 4y2 + w1 = 12, (α1)

−4x − 5y1 + 4y2 + w2 = −4, (α2)

4x − 4y1 + 5y2 + w3 = 4, (α3)

−4x + 4y1 + 5y2 + w4 = 4, (α4)

x + 8y1 + 5u1 − 5u2 − 4u3 + 4u4 − v1 = 16, (α5)

8y2 + 4u1 − 4u2 + 5u3 + 5u4 − v2 = 4, (α6)

−y1 ≤ 0, (α7)

−y2 ≤ 0, (α8)

−ui ≤ 0, (α8+i )

x, v1, v2, wi ≥ 0, i = 1, 2, 3, 4.

(2.12)

The primal logical relations are:
{

α1 + α4 ≥ 1,

α1 + α2 + α3 + α4 ≥ 1;
the corresponding subsets of M-variables are therefore: J1 = {w1, w4} and J2 =
{w1, w2, w3, w4}, while the dual logical relations are:

⎧
⎪⎪⎨

⎪⎪⎩

α5 + α6 ≥ 1,

α5 + α10 ≥ 1,

α6 ≥ 1,

α5 + α6 ≥ 1,

with corresponding subsets of M-variables:J3 = {v1, v2} , J4 = {u2, v1}, J5 = {v2}et J6 =
{v1, v2}.

The adjacency matrix of the M-network G0
M defined by Table 1 is constructed from the

ordered sequence subsets of M-variables: J6, J3, J5, J2, J4, J1.
The ESQP algorithm consists in applying a branch and bound method on sequen-

tial M-trees, using the link between each M-variable ri and the corresponding binary

Table 1 An example of adjacency-matrix of an M-network

v1 v2 v1 v2 v2 w1 w2 w3 w4 u2 v1 w1 w4

V1 0 0 0 1 0 0 0 0 0 0 0 0 0

V2 0 0 1 0 0 0 0 0 0 0 0 0 0

V1 0 0 0 0 1 0 0 0 0 0 0 0 0

V2 0 0 0 0 0 0 0 0 0 0 0 0 0

V2 0 0 0 0 0 1 1 1 1 0 0 0 0

W1 0 0 0 0 0 0 0 0 0 1 1 0 0

W2 0 0 0 0 0 0 0 0 0 1 1 0 0

W3 0 0 0 0 0 0 0 0 0 1 1 0 0

W4 0 0 0 0 0 0 0 0 0 1 1 0 0

U2 0 0 0 0 0 0 0 0 0 0 0 1 1

V1 0 0 0 0 0 0 0 0 0 0 0 1 1

W1 0 0 0 0 0 0 0 0 0 0 0 0 0

W4 0 0 0 0 0 0 0 0 0 0 0 0 0
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variable αi . At a step k of the ESQP algorithm such that k0 ≥ k, let zk0+1 =
(xk0+1, yk0+1, uk0+1, vk0+1, wk0+1) be a feasible solution of some relaxed quadratic pro-
gram QCBRT where T ⊆ N (rk0) and rk0 = (yk0 , uk0 , vk0 , wk0). Let R ∪ S be the set of
indexes of the variables (y, u), and let r = (y, u, v, w) be the vector of lower level primal-
dual variables. We consider the M-indexes subset J j , j ∈ R ∪ S, as well as the M-property
∑

i∈J j
αi ≥ 1 attached to each subset J j . Branching is done by fixing some binary variable(s)

αi equal to 1 or αi ≥ 0 (i.e. i ∈ spp(r) or ri ≥ 0). Therefore, the enumeration carrying
on M-indexes subsets according to a dichotomous branching rule: sequentially, for each
M-indexes subset J j , a single index i0 ∈ J j is chosen and the corresponding boolean var-
iable αi0 is fixed to be equal to 1, and αi ≥ 0 for all i ∈ J j , i 
= i0. This means that, to
set i0 ∈ spp(r) when αi0 = 1, it consists to check if this additional constraint leads to an
improving rational solution. If ri0 is a slack variable, the corresponding constraint is active
at the optimality. At optimality, active constraints of the lower level problem correspond to
an M-indexes subset T ⊂ {

i1, i2, . . . , in2 , i1+n2 , . . . , im+n2

}
, where i j ∈ J j , j ∈ R ∪ S.

From M-constraints, the ESQP algorithm finds such M-indexes subset T which may lead to
optimality.

The ESQP algorithm uses a branch-and-bound with depth-first search technique, within
the M-trees. Let z* be the current feasible solution of problem (2.1); let Am be an M-
tree and let T be an M-path with nodes included in an M-indexes subset N (r∗) such
that T = {i0, i1, i2 . . .} with i0 ∈ J j0 and it ∈ J jt , t ≥ 1. The quadratic problems
QCBR{i0}, QCBR{i0,i1}, . . . , QCBRT are solved sequentially in the ESQP algorithm. Let
z̄ be a solution of one of the above quadratic problems. A backtracking is performed if we
have one of the following conditions:

–(i) an improving rational solution z̄ has been computed;
–(ii) one of the above quadratic programs does not have a feasible solution;

–(iii) z̄ = (x̄, ȳ, ū, v̄, w̄) computed from one of the above quadratic programs such that
(x̄, ȳ) is a rational solution and F(x̄, ȳ) < F(x∗, y∗).

Let nis be the level of a node is in the network G0
M , and A0

M the set of M-trees. If a
backtracking condition is verified at a node is contained in the M-path T , then the walk
along the corresponding M-tree is stopped. From the node is , we trace back indexes in T . Let
TB = {is, is−1, . . . , ib} be a subset of T containing backtracking nodes. Then, in the next
quadratic problem to be solved in ESQP algorithm, the constraints i ∈ spp(r) fori ∈ TB (i.e.
ri = 0 or αi = 1 for all i ∈ TB) are relaxed and transformed into ri ≥ 0 for i ∈ TB (i.e.
αi ≥ 0 for all i ∈ TB). From the node ib−1 ∈ T including at least one successor which has
not been investigated, other investigable M-paths are constructed. The investigation proce-
dure is stopped for an M-tree if there is no more investigable M-path from the root of such
M-tree. Let

Ro = min
Am∈A0

M

{nis : is ∈ Am} . (2.13)

Ro represents the smallest value on the set of levels of nodes corresponding to backtracking
nodes is in the network G0

M .

Remark 2.2 Let
∑

i∈J j
αi ≥ 1 be a monotonicity constraint and let J j be an M-indexes

subset. With the dichotomous branching rule, only one index i0 ∈ J j is chosen and the corre-
sponding boolean variable αi0 is fixed to be equal to 1 and αi ≥ 0 for all i ∈ J j , i 
= i0; hence,
the M-paths for which αi0 = 1, for all i0 ∈ K , with K ⊆ J j and |K | ≥ 2 may not be investi-
gated. According to the construction of Ro and the backtracking rule, it is easy to show that,
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investigations on the network consisting of M-indexes subsets J j0 , J j1 , J j2 , . . . , J jRo can not
improve the value of the current solution. Let J jRo+1 , J jRo+2 , . . . , J jm+n2−1 be the M-indexes
subsets for which some indexes have not been investigated by the ESQP algorithm, due to
the backtracking or dichotomous branching rules. An investigation on some of the indexes
in the M-indexes subsets J jRo+1 , J jRo+2 , . . . , J jm+n2−1 may improve the solution.

According to the above remark, the construction of a new relevant M-path follows that of
a sequence of M-networks Gt

M , t = 1, 2, . . . , m + n2 − Ro. We may then renew the numer-
ation of levels of nodes in subsets J ji , i = 0, 1, 2, . . . , m + n2 − 1. Therefore, we derive an
M-network G1

M from the following ordered sequence of M-indexes subsets J jRo+1 , J j0 , J j1 ,

J j2 , . . . , J jRo , J jRo+2 , . . . , J jm+n2−1 . All nodes of level Ro+1 in the M-network G0
M become

nodes of level 1 in the M-network G1
M , and nodes of level 2, 3, . . . , Ro in G1

M correspond
to nodes of level 1, 2, 3, . . . , Ro − 1, respectively, in G0

M . In the same way, from the net-
work G1

M , we derive an M-network G2
M according to an enumeration of M-indexes subsets

JRo+2, JRo+1, J j0 , J j1 , J j2 , . . . , J jRo , J jRo+3 , . . . , J jm+n2−1 , etc. …, for a sequence of M-
networks Gt

M , t = 3, 4, . . . , m + n2 − Ro.

2.3 Principles of an implicit enumeration algorithm

In general, the implicit enumeration may be related to search in tree algorithms. A branch-
ing algorithm consists in an implicit enumeration procedure within the set of solutions of
the problem to solve. Branching algorithms are often used in integer or mixed program-
ming. These algorithms were introduced by Little et al. [33] as well as Bertier and Roy
[8]. A synthesis presentation of these notions can be found in [26]. We use an implicit enu-
meration principle carrying on continuous variables to solve the relaxed quadratic program
QCBRT .

The ESQP algorithm consists of walks through M-paths as defined in the previous sub-
section. More precisely, let T be a path in an M-tree Am . At a step k of the ESQP algorithm,
for k0 ≥ k, let zk be an improvable solution; if zk0+1 is a solution of some relaxed program
QCBRT , T ⊂ N (rk0) and zk0+1 ∈ FK K T improves the value of the upper level objective
function F , we say that the evaluation (zk0

t = 0, t ∈ T ) corresponding to the set of variables
zt , t ∈ T is successful. After what, we select another path if a backtracking condition is
satisfied, or if there exists at least one M-tree which has not been investigated. At each stage
of the ESQP algorithm, the goal is to find a subset of indexes of lower level primal-dual
variables T such that T ⊂ spp(rk0+1). We write beside a node of the M-network, the index
of the corresponding lower level variable, as well as the triplet (T, zk0 , F(zk0)). An edge
(i, j) has the letter S, if because of a backtracking one can no longer walk through the M-tree
from the node i .

Remark 2.3 Let’s consider the BPL problem (1.1).

(1) There exist m+n2 M-indexes subsets, and each of them has at most Ne = max(m, n2)+1
elements.

(2) By construction, an M-network has at most N = Ne(m +n2) nodes (some may be iden-
tical). A walk on an M-tree is an elementary path of length p(p = 1, 2, . . . , m + n2).
Let N be the order of a network; according to its properties, the number of paths of
length p is equal to Ap+1

N = N !
(N−p−1)! . Therefore, we may guess that the number of

paths is equal to O (N !).
(3) Let AI be an M-tree. The number of children of a node i ∈ AI , written as dI (i) is the

degree of that node. By constructing an M-network, we have dI (i) ≤ Ne − 1.
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The number NAM of M-trees with nodes such that dI (i) = k, is given by NAM =
(N − 1)(N−k−1)C N−2

k−1 (see [17]).

3 The enumeration sequential quadratic programming algorithm (ESQP)

Let’s consider the problem (2.1); while relaxing the complementarity constraints utw =
vt y = 0, and adding constraints zt = 0, t ∈ T ; we obtain the quadratic programming
QCBRT formulated as in (2.2). To compute an initial rational solution, the following meth-
ods can be used.
Method 1. First, solve the following quadratic program:

minx,y F(x, y)

s.t.

⎧
⎨

⎩

x ∈ P,

A2x + B2 y ≤ b2,

x, y ≥ 0.

(3.1)

Let (x ′, y′) be an optimal solution of problem (3.1). Set x∗ = x ′, then the following primal
lower level problem is solved:

miny f (x∗, y)

s.t.

{
B2 y ≤ b2 − A2x∗,
y ≥ 0,

(3.2)

with an optimal solution is y∗, u∗ being some dual optimal solution.
Method 2. Here, the problem (3.1) of variables (x, y) is solved, while replacing the upper
level objective function F(x, y) with the lower level objective function. Then an optimal
solution is (x∗, y∗), u∗ is again some corresponding dual optimal solution.

Let (1.1) be a convex quadratic BLP problem; val F represents the current value of the
upper level objective function, while a current rational solution is s∗ = (x∗, y∗). Using the
notations introduced previously, first we present the procedure I N V E ST (Gt

M , s∗) used in
the ESQP algorithm in order to investigate an M-network Gt

M ; let At
M be the sets of M-trees

in Gt
M , then the procedure I N V E ST (Gt

M , s∗) follows:

Procedure I N V E ST (Gt
M , s∗).

If t = 0, set Ro = m + n2. Set MT = At
M (set of trees). While MT 
= Ø, execute A-proce-

dure.
A-Procedure:

Select an M-tree Am ∈ MT , then set MT = At
M\Am and

C HT = {Ch ∈ Am : Ch is an elementary path} . While C HT 
= Ø, execute B-procedure.
B-Procedure:

Select a path Ch ∈ C HT , then set P = Ch,C HT = C HT \ {Ch}and T = Ø.
While (i) P 
= Ø or (ii) a backtracking condition is not satisfied, execute C-procedure.
C-Procedure:

Select an index i ∈ Pof level ni in Gt
M , then set P = P\ {i} and T = T ∪ {i}.

Let zk+1 be a solution of some program QCBRT , T ⊂ N (rk) (if it exists).
Backtracking is performed on a node i0 within the path Ch if:
(i) the family of programs QCBRT , T ⊂ N (rk)has no solution or
F(xk+1, yk+1) ≥ val F .
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(ii) F(xk+1, yk+1) < val F . Set val F = F(xk+1, yk+1),k = k + 1. If zk+1 ∈ FK K T ,
then compute
d∗ = (∇y f (x∗, y∗),∇u D f (u∗, y∗)), set z∗ = zk+1and update the M-constraints
and the M-indexes
subsets. Remove from Ch the node i0 as well as its children, and stop C-procedure.

End of C-procedure.
End B-procedure.

Ift = 0, set Ro = min(Ro, ni0).
End of A-procedure. (Logout with a rational solution s∗ = (x∗, y∗)and the number
Ro if t = 0).

Now, the ESQP algorithm is as follows:

The ESQPalgorithm (solving the problem (2.1)).
Step 0 (Initialization).

Set k = 0, compute z∗ = (x∗, y∗, u∗, v∗, w∗) and set val F = F(x∗, y∗) and z∗ = z0.
For j ∈ R ∪ S, compute the list L M of all M-indexes subsets J j .
For any subset J j such that

∣
∣J j

∣
∣ = 1, set zt = 0,with {zt } = J j ; remove the subset J j

from the list L M , then construct the M-network G0
M .

Execute procedure INVEST(G0
M , s∗) to compute an improving rational solution

z∗, the numbers Roand d∗.
For t = 1, 2, . . . , m + n2 − Ro, construct each of the M-network Gt

M .
Step 1 (Computing an improving rational solution).

For t = 1, 2, . . . , m + n2 − Ro, execute the procedure INVEST(Gt
M , s∗).

Step 2: (Optimality).
Stop when Step 1 is completed, (x∗, y∗) is an optimal solution of the
problem (QCBL).

When the current solution z∗ = (x∗, y∗, u∗, v∗, w∗) of the problem (2.1) is such that
(x∗, y∗) is an improvable rational solution of the problem (1.1), the following proposition
shows that, to compute an improving rational solution, the ESQP algorithm (i) may compute
an improving primal-dual rational solution z̄ ∈ FK K T , and (ii) solves a finite number of
quadratic programming problems.

Proposition 3.1 We consider the convex BLP (1.1) such that the set of feasible solution � is
nonempty and bounded. At a given step k of the ESQP algorithm, let z∗ = (x∗, y∗, u∗, v∗, w∗)
be a feasible solution of the KKT formulation (2.1). Let k0 ≥ k; if (x∗, y∗) is an improvable
solution of problem (1.1), then the ESQP algorithm may compute an improving rational
solution z̄ = zk0+1 of problem (2.1) by solving a finite number of quadratic programs.

Proof Assume that the current solution (x∗, y∗) of problem (1.1) is an improvable rational
solution at a step k of the ESQP algorithm, and let k0 ≥ k. The ESQP algorithm may then
compute an improving rational solution zk0+1 ∈ FK K T by means of solving the family
of quadratic programs QCBRT , T ⊂ N (rk0). If in any path T in any M-tree, any programs
QCBRT ,T ⊂ N (rk0) does not have a solution, then there is no primal-dual improving rational
solution z̄ ∈ FK K T such that T ⊂ spp(z̄) and F(x∗, y∗) < F(x̄, ȳ), which is absurd. There-
fore there exists at least a path T in an M-tree such that z̄ ∈ FK K T is an optimal solution of
one of the program QCBRT . So the ESQP algorithm may compute an improving rational
solution when the current rational solution (x∗, y∗) is an improvable rational solution of the
problem (1.1).
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Now, according to remarks 2.3, every M-network G j
M includes a finite number of trees.

Moreover, each of these trees has a finite number of paths. On each path, we solve a finite
number of quadratic programs of type QCBRT in order to compute an improving rational
solution. Hence, from an improvable rational solution (x∗, y∗) ∈ I R at given step k of the
ESQP algorithm, one computes an improving rational solution z̄ = zk0+1 of the problem
(2.1) by solving a finite number of quadratic programs where k0 ≥ k. �

Given the current rational solution (x∗, y∗), the iterative process of the ESQP algorithm
stops, if at the end of the enumeration carried on every path of all of the M-trees, we can
not compute an improving rational solution z̄, which is a feasible solution of the problem
(2.1) such that F(x̄, ȳ) < F(x∗, y∗). The ESQP algorithm solves the problem (1.1) in a finite
number of steps. Let z∗ = (x∗, y∗, u∗, v∗, w∗) be a feasible solution of the KKT formulation
of the BLP (1.1) and let’s consider the set of M-trees. Then one has the following situations:

(a) For any M-tree AI and for any path T inAI such that T ⊆ N (r∗), the quadratic program
QCBRT has no solution. (x∗, y∗) is an optimal solution of the problem (1.1).

(b) Let z̄ = (x̄, ȳ, ū, v̄, w̄) be the optimal solution of some quadratic program QCBRT .
The following two cases are foreseeable:

(i) For any M-tree AI and for any path T in AI such that T ⊆ N (r∗), z̄ is not
an improving rational solution. Therefore, (x∗, y∗) is an optimal solution of the
problem (1.1) computed by the ESQP algorithm.

(ii) For a given M-tree AI , there exists a path T in AI such that T ⊆ N (r∗), z̄ is an
improving rational solution. Therefore, (x∗, y∗) is not an optimal solution of the
problem (1.1).

4 An example

We now consider the formulation (2.11) of the Example 2.1; the relaxation of its KKT for-
mulation is given by (2.12).The initial solution is:

(x∗, y∗) =
[
x0, y0

1 , y0
2

]
= [0.8190, 1.6129, 0.1649] , u∗ = [

u0
1, u0

2, u0
3, u0

4

]

= [0.0739, 0, 0, 0.477] ; v∗ = [
v0

1, v0
2

] = [0, 0] ;w∗ = [
w0

1, w0
2, w0

3, w
0
4

]

= [0, 6.681, 6.351, 0] ,

while the primal and dual gradients of the lower level objective functions are given by:
[
P f 0

1 , P f 0
2

] = [−2.277,−2.681] ; [
D f 0

1 , D f 0
2 , D f 0

3 , D f 0
3

]

= [8.724,−0.724, 0.724, 7.276] .

From the adjacency-matrix of the M-network G0
M on Table 1, we construct M-trees on

Fig. 1. On the tree (1) in Fig. 1, the primal-dual solutions of the relaxed program QCBR{v1}
follow:

(x∗, y∗) = [
x1, y1

1 , y1
2

] = [1.5185, 1.1852, 0] andu∗ = [
u0

1, u0
2,u0

3, u0
4

] = [1, 0, 0, 0] ,

val F = [0.0412].
The primal-dual partial gradients of the lower level objective function are

[
P f 0

1 , P f 0
2

] = [−5,−4] ; [
D f 0

1 , D f 0
2 , D f 0

3 , D f 0
3

] = [5.9259, 2.0741,−2.0741, 10.0741] .
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Fig. 1 M-trees of the M-network G0
M

Walking on that tree is stopped.
Moreover, on tree (2) of Fig. 1, the program QCBR{v2} does not have a solution. Walking

on that tree is stopped. We have Ro = 1, as an improving rational solution is computed on a
node of level 1 on the network G0

M . The M-constraints are updated, then we have:

– the primal logical relations:

{
α1 + α4 ≥ 1,

α1 + α2 + α3 + α4 ≥ 1,

with subsets of M-variables: J1 = {w1, w4} et J2 = {w1, w2, w3, w4};
– the dual logical relations:

⎧
⎪⎪⎨

⎪⎪⎩

α5 + α6 ≥ 1,

α6 ≥ 1,

α5 + α11 ≥ 1,

α5 + α6 ≥ 1,

with subsets of M-variables:J3 = {v1, v2} , J4 = {v2}, J5 = {u3, v1}et J6 = {v1, v2}.
From the ordered sequence of subsets of M-variables (J1, J2, J3, J4, J5, J6), we construct

the M-network G1
M represented by the Table 2. The corresponding trees are indicated in the

Figs. 2 and 3. Note that, at optimality, we have v2 = 0 as J4 = {v2}. However, in order to
illustrate how the ESQP algorithm works, we do not take into account the constraint v2 = 0
at optimality.

The results of walks on these M-trees are as follow:
On the tree (1) of Fig. 2, solving the relaxed program QCBR{w1} leads to the following

rational primal-dual solution:
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Table 2 Adjacency-matrix of the second M-network G1
M

w1 w4 w1 w2 w3 w4 v1 v2 v2 u3 v1 v1 v2

W1 0 0 0 1 1 1 0 0 0 0 0 0 0

W4 0 0 1 1 1 0 0 0 0 0 0 0 0

W1 0 0 0 0 0 0 1 1 0 0 0 0 0

W2 0 0 0 0 0 0 1 1 0 0 0 0 0

W3 0 0 0 0 0 0 1 1 0 0 0 0 0

W4 0 0 0 0 0 0 1 1 0 0 0 0 0

V1 0 0 0 0 0 0 0 0 1 0 0 0 0

V2 0 0 0 0 0 0 0 0 0 0 0 0 0

V2 0 0 0 0 0 0 0 0 0 1 1 0 0

U3 0 0 0 0 0 0 0 0 0 0 0 1 1

V1 0 0 0 0 0 0 0 0 0 0 0 0 1

V1 0 0 0 0 0 0 0 0 0 0 0 0 0

V2 0 0 0 0 0 0 0 0 0 0 0 0 0

Fig. 2 First M-tree in the M-network G1
M

(x∗, y∗) =
[
x2, y2

1 , y2
2

]
= [1.8889, 0.8889, 0] , and u∗ = [

u0
1, u0

2, u0
3, u0

4

] = [1.4, 0, 0, 0] ,

V al F = -1.4074

The primal and dual gradients of the lower level objective functions are
[
P f 0

1 , P f 0
2

] = [-7, -4] ; [
D f 0

1 , D f 0
2 , D f 0

3 , D f 0
3

] = [4.444, 3.5556, -3.5556, 11.5556] .
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Fig. 3 Second M-tree in the M-network G1
M

Then the walk on tree (1) is stopped.
On the tree (2) of Fig. 3, one has:

– The value V al F2of the upper level objective function after solving the relaxed program
QCBRT2 with T2 = {w4, w1, v1, v2} is such that V al F > val F2. A backtracking is
performed.

– The previous result is gotten for program QCBRT3 where T3 = {w4, w1, v2}.
– The programs QCBRT4 , QCBRT5

and QCBRT6 where T4 = {w4, w2}, T5 = {w4, w3, v1,

v2} and T6 = {w4, w1, v2} do not have solution.

The walk on tree (2) is finished.
Each walks on the M-trees is built from the following ordered sequences of subsets of

M-variables

(J2, J1, J3, J4, J5, J6) , (J3, J2, J1, J4, J5) , (J4, J3, J2, J1, J5, J6) ,

(J5, J4, J3, J2, J1, J6) , (J6, J5, J4, J3, J2, J1)

do not improve the value of the current solution. Then the optimal solution is

(x∗, y∗) =
[
x1, y1

1 , y1
2

]
= [1.8889, 0.8889, 0] and V al F = -1.4074.

5 Numerical experiences of the ESQP algorithm

The ESQP algorithm was coded in MATLAB and all computations were performed on a PC
Pentium 4 (processor 3.2 GHZ, 1.24 GB of RAM). We illustrate our algorithm in two ways:

– First, we solve small size problems known in the literature.
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– Then, to solve medium size problems, the data are randomly generated using MATLAB
generator. We compare the results computed by ESQP algorithm with those computed by
the algorithm of Bard and Moore [3] (BM). To solve medium size problems, we consider
the general model of a quadratic BLP problem (1.1) where

Q =
[

Qx Qxy

Qt
xy Qy

]

and N =
[

Nx Nxy

N t
xy Ny

]

,

with Qx = On1×n1 ∈ R
n1×n1 ,Qy = In2 ∈ R

n2×n2 , Qxy = On1×n2 ∈ R
n1×n2 ,c1 = c2 =

On1 , d1 = d2 = On2 Nx = In1 ∈ R
n1×n1 , Ny = In2 ∈ R

n2×n2 , Nxy = On1×n2 ∈
R

n1×n2 , Ot is a null matrix, or a null vector while It is the identity matrix.

Data are randomly generated as in [2], with a density of 20%: the elements of B2 are chosen
between −20 and 20, while those of A1andA2 are taken from interval [0, 20]. The coefficients
of c1 belong to the interval [−10, 10] and those of d1 belong to [10, 20]. The elements of
d2 are chosen between 0 and 10. The elements of b1 and b2 are randomly chosen between
−40 and 40. Finally, the additional lower level constraint

∑n1
j=1 x j + ∑n2

j=1 y j ≤ n1 + n2 is
added to obtain a bounded relaxed problem. The vector (n, n2, m) characterizes the size of
each problems solved.

Let’s recall that the ESQP algorithm solves two types of quadratic programs at every stage:

– A relaxed program of type QCBRT . The total number of such programs solved for a
given problem is designated by ND; this quantity represents the number of programs of
the same type solved by the BM algorithm.

– If z̄ is a solution of some relaxed program QCBRT , we verify that this solution is rational;
then we solve the lower level problem. NDI represents the number of times this verifi-
cation occurs for a given problem, whereas NDA represents the number of the rational
solutions contributing to improve the value of the upper level objective function. The
columns of the table representing the values of ND and NDI include two numbers: the
smaller value corresponds to the stage of the algorithm computing the optimal solution,
whereas the higher value designates the total number of programs solved. Performance
measures include CPU time (seconds) represented in a same way.

Small size problems used to test the ESQP algorithm follow:

Example 5.1 [35].

minx,y(x1 − 30)2 + (x2 − 20)2 − 20y1 + 20y2

s.t.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x1 + 2x2 ≤ 30,

x1 + x2 ≥ 20,

0 ≤ xi ≤ 15, i = 1, 2,

miny(x1 − y1)
2 + (x2 − y2)

2,

s.t. 0 ≤ yi ≤ 15, i = 1, 2.

Example 5.2 [35].

minx,yy2
1 + y2

2 − y1 y3 − 4y2 − 7x1 + 4x2

s.t.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x1 + x2 ≤ 1,

x1, x2 ≥ 0,

miny y2
1 + 0.5y2

2 + 0.5y2
3 + y1 y2 + (1 − 3x1)y1 + (1 + x2)y2

s.t.

{
2y1 + y2 − y3 + x1 − 2x2 + 2 ≤ 0,

yt = (y1, y2, y3) ≥ 0.
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For Example 5.1, the Lagrange function of the lower level problem is:

L(y, λ) = (x1 − y1)
2 + (x2 − y2)

2 + λ1(y1 − 15) + λ2(y2 − 15),

and the corresponding first order optimality conditions follow:

(a) ∂L(y,λ)
∂yi

= −2(xi − yi ) + λi

{= 0 if yi > 0,

≤ 0 else.
(b) λi (yi − 15) = 0, for i = 1, 2.

But, the solution computed by Muu and Quy [35] is (x∗
1 , x∗

2 ) = (15, 7.5) and (y∗
1 , y∗

2 ) =
(10, 7.5).

(b) ⇒ λ∗
1 = λ∗

2 = 0 and (a) ⇒ x∗
1 = y∗

1 and x∗
2 = y∗

2 .

This solution does not satisfy optimality conditions for the lower level problem; it is nearly
identical to the solution computed by the genetic algorithm of Wang et al. [44], contrary to the
solution computed by our algorithm. For small size problems, the BM algorithm computes
the same solution as our algorithm (see Tables 3, 4 and 5).

Tables 6 and 7 include the results computed, respectively, by the BM and ESQP algo-
rithms, on the convex quadratic BLP of medium size problems. We have n = n1 + n2. Note
that the BM algorithm was not able to solve the problem of size (n, n1, m1) = (50, 25, 9)

contrary to the ESQP algorithm; the ESQP algorithm was not able to solve the problem of
size (n, n1, m1) = (46, 23, 9) contrary to the BM algorithm. These failures may be attributed
to MATLAB environment. For problems of size n ≥ 30, we see that the BM algorithm proved
to be slower than the ESQP algorithm.

Finally, the ESQP algorithm constitutes a compromise computing a good evaluation of an
optimal solution of a convex quadratic BLP at a least cost. On most of the examples used,
the ESQP computed a globally optimal solution.

Table 3 Results on Examples 5.1 and 5.2 (ESQP)

Example no Results in the ESQP algorithm
(x, y) F f ND NDI NDA Ro

5.1 (15, 7.5, 15, 7.5) 231.25 0 6 2 2 1

7 2

5.2 (0.611, 0.389, 0, 0, 1.833) 0.6389 1.6806 2 2 2 1

77 10

Table 4 Examples 5.1 and 5.2
(Results in the references)

Example no Results in the references
(x, y) F f

2.1 (1.889, 0.889, 0) −1.407 7.617

5.1 (15,7.5,10,7.5) 331.25 25

5.2 (0.609, 0.391, 0, 0, 1.828) 0.6426 1.6708
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Table 5 Results on Examples 5.1 and 5.2 (BM algorithm)

Example no Results in the BM algorithm
(x, y) F f ND NDI NDA

5.1 (15, 7.5, 15, 7.5) 231.25 0 7 2 2

13 2

5.2 (0.611, 0.389, 0, 0, 1.833) 0.6389 1.6806 6 2 2

7 3

Table 6 Results with BM algorithm—problems of Audet et al. [2]

n n1 m1 ND NDI NDA CPU Fopt
B M

12 6 5 5 2 2 2 30

59 6 28

16 8 6 3 2 2 0.4 160

69 16 38

20 10 13 16 3 2 20 240

155 37 163

30 10 6 50 7 3 157 510

237 32 402

40 20 8 6 2 2 11 880

1,099 198 5,001

46 23 9 10 2 2 79 1,150

1,088 273 5,001

50 25 9 1 1 1 0 625

5 2 8

Table 7 Results with the ESQP algorithm—problems of Audet et al. [2]

n n1 m1 Ro ND NDI NDA CPU Fopt
P QE I

12 6 5 6 13 2 2 2.4 30

88 11 29.5

16 8 6 1 13 2 2 48 160

36 4 63

20 10 13 2 77 3 2 64 240

88 4 72

30 10 6 2 62 23 5 57 510

123 23 158

40 20 8 1 133 6 2 260 880

179 20 407

46 23 9 1 1 1 1 0 1,058

83 1 345

50 25 9 1 120 6 3 751 1,350

183 31 992
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6 Conclusion and final remarks

The ESQP algorithm using the M-analysis, investigates some active constraints of the KKT
formulation of problem (2.1). Facchinei et al. [23] present a new technique which identifies
active constraints in a neighborhood of a solution of a nonlinear program with inequality
constraints. This technique may be applied to the KKT formulation of the general convex
bilevel programming problem, but it cannot remove the combinatorial aspect of this prob-
lem. However, it may be interesting first to define an appropriate identification function (see
[23,32]) to compute the solution of the problem (2.1); this will be done in a further research.

The test calculations with the ESQP algorithm presented in this paper seem to indicate
that the proposed algorithm is better than algorithms proposed by Muu and Quy [35] or Wang
et al. [44]. To solve problem (1.1), the algorithm of Muu and Quy [35] uses a merit function
technique to transform the initial problem and approximates the resulting problem which is
then solved within a branch and bound framework. This algorithm, may not lead to a rational
solution for problem (1.1) as shown in Example 5.1 because of the approximation method
used.

The ESQP algorithm computes almost same solutions as Bard and Moore’s algorithm [3].
However, it would be useful to find a method leading analytically to an optimal investigation
of M-indexes subsets. With the promising results of our computational results, principles of
the ESQP algorithm would be used to solve the general convex BLP problem; the ESQP
algorithm would be then combined to a trust region method.

If one can prove that walks on M-trees explore all the combinations of indexes leading
to an improving rational solution, then, the ESQP algorithm may be considered as an exact
globally convergent algorithm, even though it is built from necessary optimality conditions,
as well as the HJS algorithm in [27]. However, the ESQP algorithm may be considered as a
heuristic computing in at least one local solution of a BLP problem.

Acknowledgments The author would like to thank anonymous referees for their constructive review and
useful comments or remarks that help him very much in revising and improving the paper.

References

1. Abdou-Kandil, H., Bertrand, P.: Government-private sector relations as a stackelberg game: a degenerate
case. J. Econ. Dyn. Control 11, 513–517 (1987). doi:10.1016/S0165-1889(87)80004-0

2. Audet, C., Hansen, P., Jaumard, B., Savard, G.: Links between linear bilevel and mixed 0–1 programming
problems. J. Optim. Theory Appl. 93(2), 273–300 (1997). doi:10.1023/A:1022645805569

3. Bard, J.F., Moore, J.T.: A branch and bound algorithm for the bilevel programming problem. SIAM J.
Sci. Stat. Comput. 11, 281–292 (1990). doi:10.1137/0911017

4. Bard, J.F.: Convex two-level programming. Math. Program. 40(1), 15–28 (1988). doi:10.1007/
BF01580720

5. Bard, J.F.: Optimality conditions for the bilevel programming problem. Nav. Res. Logist. Q. 31,
13–26 (1984). doi:10.1002/nav.3800310104

6. Bard, J.F., Plummer, J.C., Sourie, J.C.: A bilevel programming approach to determining tax credits for
biofuel production. Eur. J. Oper. Res. 120, 30–43 (2000). doi:10.1016/S0377-2217(98)00373-7

7. Ben-Ayed, O., Blair, C.: Computational difficulties of bilevel linear programming. Oper. Res. 38,
556–560 (1990). doi:10.1287/opre.38.3.556

8. Bertier, P., Roy, B.: Procédures de résolution pour une classe de problème pouvant avoir un caractère
combinatoire. Cahier du centre d’études de recherche opérationnelle, 6 (1964)

9. Bialas, W.F., Karwan, M.H.: Two-level linear programming. Manage. Sci. 30(8), 1004–1020 (1984).
doi:10.1287/mnsc.30.8.1004

10. Brotcorne, L., Labbé, M., Marcotte, P., Savard, G.: A bilevel model and solution algorithm for a freight
tariff setting problem. Transp. Sci. 34, 289–302 (2000). doi:10.1287/trsc.34.3.289.12299

123

http://dx.doi.org/10.1016/S0165-1889(87)80004-0
http://dx.doi.org/10.1023/A:1022645805569
http://dx.doi.org/10.1137/0911017
http://dx.doi.org/10.1007/BF01580720
http://dx.doi.org/10.1007/BF01580720
http://dx.doi.org/10.1002/nav.3800310104
http://dx.doi.org/10.1016/S0377-2217(98)00373-7
http://dx.doi.org/10.1287/opre.38.3.556
http://dx.doi.org/10.1287/mnsc.30.8.1004
http://dx.doi.org/10.1287/trsc.34.3.289.12299


636 J Glob Optim (2010) 47:615–637

11. Calvete, H.I., Gale, C.: On the quasiconcave bilevel programming problem. J. Optim. Theory
Appl. 98(3), 613–622 (1998). doi:10.1023/A:1022624029539

12. Campêlo, M., Dantas, S., Scheimberg, S.: A note on a penalty function approach for solving bilevel linear
programs. J. Glob. Optim. 16, 245–255 (2000). doi:10.1023/A:1008308218364

13. Candler, W., Norton, R.: Multi-level programming and development policy. World bank development
research center discussion paper, vol. 258, Washington, May (1977b)

14. Candler, W., Norton, R.: Multi-level programming. World bank development research center discussion
paper, vol. 20, Washington, January (1977a)

15. Candler, W., Townsley, R.: A linear two-level programming problem. Comput. Oper. Res. 9, 57–76 (1982).
doi:10.1016/0305-0548(82)90006-5

16. Chen, Y., Florian, M.: The nonlinear bilevel programming problem: formulation, regularity and optimality
conditions. Optimization 32, 193–309 (1995). doi:10.1080/02331939508844048

17. Clarke, L.E.: On cayley’s formula for counting trees. Proc. Camb. Philos. Soc. 59, 509–517 (1963). doi:10.
1017/S0305004100037178

18. Colson, B., Marcotte, P., Savard, G.: Bilevel programming: a survey. 4O R Q. J. Oper. Res. 4(R 3),
87–107 (2005)

19. Dempe, S.: A simple algorithm for the linear bilevel programming problem. Optimization 18,
373–385 (1987). doi:10.1080/02331938708843247

20. Dempe, S.: A necessary and sufficient optimality for bilevel programming problem. Optimization 2,
341–354 (1992). doi:10.1080/02331939208843831

21. Dempe, S.: Annoted bibliography on bilevel programming and mathematical programs with equilibrium
constraints. Optimization 52, 333–359 (2003). doi:10.1080/0233193031000149894

22. Etoa, E.J.B.: Contribution à la résolution des programmes mathématiques à deux niveaux et des pro-
grammes mathématiques avec contraintes d’équilibre, PhD Thesis, École Polytechnique de Montréal,
December (2005)

23. Facchinei, F., Fischer, A., Kanzow, C.: On the accurate identification of active constraints. SIAM
J. Optim. 9, 14–32 (1998). doi:10.1137/S1052623496305882

24. Falk, J.E., Liu, J.: On bilevel programming, part I: general nonlinear case. Math. Program. 70, 47–72 (1995)
25. Gümüs, Z.H., Floudas, C.H.: Global optimization of nonlinear bilevel programming problems. J. Glob.

Optim. 20, 1–31 (2001). doi:10.1023/A:1011268113791
26. Hansen, P., Jaumard, B., Lu, S.H.: A frame work for algorithms in globally optimal design. ASME

J. Mech. Autom. Transm. 111, 353–360 (1989)
27. Hansen, P., Jaumard, B., Savard, G.: New branch-and-bound rules for linear bilevel programming. SIAM

J. Sci. Stat. Comput. 13, 1194–1217 (1992). doi:10.1137/0913069
28. Jeroslow, R.G.: The polynomial hierarchy and simple model for competitive analysis. Math. Pro-

gram. 32, 146–164 (1985). doi:10.1007/BF01586088
29. Kolstad, C.D., Lasdon, L.: Derivative evaluation and computational experience with large bilevel math-

ematical programs. J. Optim. Theory Appl. 65, 485–499 (1990). doi:10.1007/BF00939562
30. Kornaj, J., Liptak, T.: Two-level planning. Econometrica 33, 141–169 (1965). doi:10.2307/1911892
31. Labbé, M., Marcotte, P., Savard, G.: A bilevel model of taxation and its application to optimal highway

pricing. Manage. Sci. 44, 1608–1622 (1998). doi:10.1287/mnsc.44.12.1608
32. Lin, G.H., Fukushima, M.: Hybrid algorithms with active set identification for mathematical programs

with complementarity constraints, Technical Report 2002–2008, Department of Applied Mathematics
and Physics, Graduate School of Informatics, Kyoto University, Kyoto, Japan (2003)

33. Little, J.D.C., Murty, K.G., Sweeney, D.W., Karel, C.: An algorithm for the traveling salesman problem.
J. OSRA, 11 (1963)

34. Marcotte, P., Savard, G.: Bilevel programming: a combinatorial perspective, graph theory and combina-
torial Optimization. In: Avis, D., Hertz, A., Marcotte, O. (eds.) Springer, Berlin (2005)

35. Muu, L.D., Quy, N.V.: A global optimization method for solving convex quadratic bilevel programming
problems. J. Glob. Optim. 26, 199–219 (2003). doi:10.1023/A:1023047900333

36. Rockafellar, R.T.: Convex analysis. Princeton University Press, Princeton (1970)
37. Ross, S.A.: The economic theory of agency: the principal’s problem. AER 63, 134–139 (1973)
38. Savard, G., Gauvin, J.: The steepest descent direction for the nonlinear bilevel programming prob-

lem. Oper. Res. Lett. 1, 265–272 (1994). doi:10.1016/0167-6377(94)90086-8
39. Savard, G.: Contribution à la programmation mathématique à deux niveaux, PhD Thesis, École Polytech-

nique de Montréal (1989)
40. Still, G.: Linear bilevel problems: genericity results and efficient method for computing local

minima. Math. Methods Oper. Res. 5, 383–400 (2002). doi:10.1007/s001860200189
41. Vicente, L.N., Calamai, P.H.: Bilevel and multilevel programming, a bibliography review. J. Glob.

Optim. 5(3), 291–306 (1994). doi:10.1007/BF01096458

123

http://dx.doi.org/10.1023/A:1022624029539
http://dx.doi.org/10.1023/A:1008308218364
http://dx.doi.org/10.1016/0305-0548(82)90006-5
http://dx.doi.org/10.1080/02331939508844048
http://dx.doi.org/10.1017/S0305004100037178
http://dx.doi.org/10.1017/S0305004100037178
http://dx.doi.org/10.1080/02331938708843247
http://dx.doi.org/10.1080/02331939208843831
http://dx.doi.org/10.1080/0233193031000149894
http://dx.doi.org/10.1137/S1052623496305882
http://dx.doi.org/10.1023/A:1011268113791
http://dx.doi.org/10.1137/0913069
http://dx.doi.org/10.1007/BF01586088
http://dx.doi.org/10.1007/BF00939562
http://dx.doi.org/10.2307/1911892
http://dx.doi.org/10.1287/mnsc.44.12.1608
http://dx.doi.org/10.1023/A:1023047900333
http://dx.doi.org/10.1016/0167-6377(94)90086-8
http://dx.doi.org/10.1007/s001860200189
http://dx.doi.org/10.1007/BF01096458


J Glob Optim (2010) 47:615–637 637

42. Vicente, L.N., Savard, G., Jùdice, J.: Descent approach for quadratic bilevel programming. J. Optim.
Theory Appl. 81, 379–399 (1994). doi:10.1007/BF02191670

43. Wang, S., Lootsma, F.A.: A hierarchical optimization model of resource allocation. Optimization 28,
351–365 (1994). doi:10.1080/02331939408843928

44. Wang, G.M., Wan, Z.P., Wang, X.J.: Genetic algorithm for solving convex quadratic bilevel programming
problems, working paper. AMS, MOS subject classifications: 90C30 (2003)

45. Wilde, D.: Monotonicity and dominance in optimal hydraulic cylinder design. J. Eng. Ind. 97(4),
13–26 (1975)

123

http://dx.doi.org/10.1007/BF02191670
http://dx.doi.org/10.1080/02331939408843928

	Solving convex quadratic bilevel programming problems using an enumeration sequential quadratic programming algorithm
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Necessary optimality conditions: M-principles
	2.2 Using the M-principles in the ESQP algorithm
	2.3 Principles of an implicit enumeration algorithm

	3 The enumeration sequential quadratic programming algorithm (ESQP)
	4 An example
	5 Numerical experiences of the ESQP algorithm
	6 Conclusion and final remarks
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


