J Glob Optim (2010) 47:615-637
DOI 10.1007/s10898-009-9482-3

Solving convex quadratic bilevel programming problems
using an enumeration sequential quadratic programming
algorithm

Jean Bosco Etoa Etoa

Received: 22 December 2006 / Accepted: 22 October 2009 / Published online: 4 November 2009
© Springer Science+Business Media, LLC. 2009

Abstract In this paper, we present an original method to solve convex bilevel program-
ming problems in an optimistic approach. Both upper and lower level objective functions are
convex and the feasible region is a polyhedron. The enumeration sequential linear program-
ming algorithm uses primal and dual monotonicity properties of the primal and dual lower
level objective functions and constraints within an enumeration frame work. New optimality
conditions are given, expressed in terms of tightness of the constraints of lower level problem.
These optimality conditions are used at each step of our algorithm to compute an improving
rational solution within some indexes of lower level primal-dual variables and monotonicity
networks as well. Some preliminary computational results are reported.

Keywords Convex quadratic bilevel program - Enumeration sequential quadratic
programming algorithm - Primal-dual monotonicity - Monotonicity network

1 Introduction

The bilevel programming problems (BLP) are hierarchical optimization problems in the sense
that their constraints are defined in part by a second parametric optimization problem. We
can also define BLP as a sequence of two optimization problems in which the feasible region
of the upper level problem is determined implicitly by the solution set of the lower level
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problem. Early formulations of BLP can be found in [30,37]. Candler and Norton [13,14]
were the first to use the term ‘bilevel’ or ‘multilevel’, to describe a development policy
problem. Comprehensive overview of the historical development of BLP can be found in
[18,21,41]. The properties as optimality conditions of BLP have been studied in many papers
asin [4,5,9,11,20]. Jeroslow [28], Ben-Ayed and Blair [7] showed that the linear BLP is NP-
hard. Hansen et al. [27] strengthened this result; they proved that BLP is strongly NP-hard.
Marcotte and Savard [34] present the relationship between two specific classes of bilevel
programs and well-known combinatorial problems. Applications have been a stimulating
factor for the development of bilevel programming and some related algorithms. The num-
ber of papers presenting applications is constantly growing. Interesting applications include
the investigation of network of oligopolies [1], as well as the determination of optimal prices,
as road tolls or prices for electricity [10]. Related is the determination of optimal tax credits
for biofuel production [7]. An overview on applications of bilevel programming can be found
in [43].
The formulation of BLP considered in this paper follows: QCBL

min, y F(x, y) = cix +djy + &', Y)N (&', y')!

xeP={x>0:Ax <by},

s, | Minyf () = cpx +dyy + (1, yH QW Y'Y (1)
h [A2X+Bz)’§bz,
s.t.
y=>0.

where N, Q € RO+ xn1412) gre symmetric positive semidefinite matrices, c1, > €
R™ . dy,d» € R"2, Fandf are the objective functions of the upper level (leader) and the
lower level (follower), respectively, A} € R™1*" Ay € R™*" B, € R™*"2 and the rank
of By is equal to m, by € R™ by € R"; x € R" and y € R" are the decision vari-
ables under the control of the upper level and the lower level, respectively. The polyhedron
Q= {(x,y) € P xR}?: Ayx + Byx < by} defined by both upper and lower levels is called
feasible region of the problem (1.1). Given a value x of the upper level variable, M (x) is the
set of optimal solutions of the lower level problem define by the following program

miny f(x,y) = ctzx + déy + (' yH oW,y

[ Azx + Bay < by, (1.2)
S.t.
y>0.

An element of the inducible region defined by IR = {(x,y) € Q :y € M(x)} is called a
rational solution. As most of the contributions to bilevel programming, we consider the BLP
problem (1.1) in an optimistic approach i.e., for a given value of the upper level variable x,
the solution of the lower level problem y € M (x) is computed as the best one according to
the goal of the upper level problem. Based on the same fact, several algorithms have been
proposed that compute an optimal solution using enumeration scheme (see [15]). One of a
solution approach to BLP is to transform the original two level problems into a single level
problem by replacing the lower level problem with its Karush—Kuhn-Tucker (KKT) opti-
mality conditions; based on this transformation, other methods containing branch-and-bound
algorithms were developed (see [3,22,25,27,39]). Local optimization procedures were also
developed (see [29,38,42]).

Using monotonicity properties, the HJS algorithm for linear BLP (see [27]) exploits neces-
sary conditions for some subsets of the lower level problem to contain at least one constraint
that is active. That algorithm also investigates branching rules, based on logical relation
expressing the conditions of the tightness of constraints which have been detected. In this
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paper, we propose an enumeration sequential quadratic programming algorithm to solve the
problem (1.1) where F and f are convex functions. We introduce from monotonicity prin-
ciples an original concept of monotonicity networks. A monotonicity path is used to express
the tightness of some subsets of the primal and dual lower level constraints, depending on
the current rational solution. At each step of our algorithm, monotonicity paths are used to
compute an improving rational solution within the tightness of primal-dual lower level con-
straints. Given a feasible or rational solution in a branch and bound framework, our method
performs a sequential investigation on some indexes of lower level primal-dual variables in
order to compute some improved rational solutions.

The organization of the rest of the paper is as follows. The next section is devoted to the
conceptual framework of our algorithm. Here, we introduce monotonicity networks from
monotonicity principles to express the tightness of the lower level problem. Our algorithm
is stated in Sect. 3 and illustrated by an example in Sect. 4. Finally, computational experi-
ences are reported in Sect. 6; on one of the problem solved, we illustrate how, the solution
computed by the global optimization method introduced by Muu and Quy [35] or by the
genetic algorithm of Wang et al. [44] is not feasible, contrary to the solution computed by
our algorithm.

2 Preliminaries

In problem (1.1), let

_ Qx Qxy
Q‘[ Qy}

where Oy € R"*M_ Q, e R™2Xm2 Q. e RMXm2,
Then, the lower level objective function is transformed into

flx,y) = Clzx +xthx + (d + 2Qxyx)ty + thyy-

Next, as discussed in [3,39] we assume that the set of feasible solution €2 is nonempty and
bounded.
The KKT formulation of problem (1.1) follows: QCBLgkt

miny y 0w F (X, y) = cjx +diy + &', YHONG', y)!
x € P,
Axx + Byy +w = by,
s.t. 1 204X +20yy + Biu —v = —d,
u'w =v'y =0,
X, y,u,v,w >0,

(2.1)

where u € R™ is the dual lower level variable, or the vector of KKT multipliers of the
lower level problem, w € R’} and v € er are, respectively, the primal and dual slack vari-
ables. Nonconvexity arises first in the complementarity conditions u’w = v’y = 0. These
conditions are usually not difficult to handle as they can be taken implicity into account
in the separation framework of branch and bound algorithm. The ESQP algorithm uses the
KKT formulation of problem (1.1) within the monotonicity analysis; the main idea of the
algorithm consists in performing a sequential investigation on some subsets of indexes of
complementarity variables in order to compute an improving rational solution of problem
(1.1). We define the support of a vector as follows:
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Definition 2.1 Let S = {1,2,...,n3} and R = {1,2, ..., m}; the support of a vector
y € R’f is defined as spp(y) = {i € S : y; = 0}; all the components of y with indexes in
spp(y) are equal to zero, whereas for u € R}, spp(u) = {j € R : uj = 0}.

A rational point (x*, y*) € Q is an optimal solution of the problem (1.1) if and only if
there existu™® € R, v* e R'f, w* € R suchthat (x*, y*, u*, v*, w*) is an optimal solution
of the problem (2.1) (see ref. [4]). Let § KKT pe the set of feasible solutions of problem (2.1);
if (x*, y*, u*, v*, w*) € FKKT then from the complementarity constraints in (2.1), there
exist partitions of indexes (Z, If) in S and (Jy, ]*C) in R such that I, C spp(y*), If C
spp(v*) with IS = S\I, and J, C spp(u*), JE C spp(w*) with J¢ = R\J,. For a
given step k of the ESQP algorithm, let rk = (yk, uk, vk, wk); to build subsets of indexes
included in spp(y) and spp(u) corresponding to an improving prima-dual rational solution

problems formulated below: QCBR7

minx,y,u,v,w F(x,y)

x € P,
Adx + Boy +w = by,
s.t. 1 20xyx +20,y + Bhu —v = —d, (2.2)

rs=0forteT,
x>0,r=(,u,v,w) >0,

where T € N(%). For r = (y,u, v, w), N(r) represents a subset of indexes of r whose
properties are described in the next subsection.

Let Ko+l = (xkot1 yphotl ykotl ykotl yko+ly be g feasible solution of some relaxed
quadratic program QCBR; where T C N(r%0) at a step k of the ESQP algorithm such
that kg > k, and let z* = (x*, y*, u*, v*, w*) € FXKT be the current feasible solution of
the problem (2.1). All the components of a primal-dual lower level variables in z%0 with
indexes in Tare constrained to be equal to 0, leading then to z50*!. From a feasible solution
7% of some program QCBRy,T € N(#¥~1), and from the family of subsets of indexes
T C N(rk0), the ESQP algorithm constructs sequentially a partition of indexes (7, / SYin §
and (J, J€) in R such that I C spp(y*otl) (= I€ C spp(v*ot)), J C sppbot!) (=
JC c spp(whotly) with F(x¥o+! yko+ly < yg/ F within an enumerative scheme, where
val F represents the current value of the upper level objective function. We now introduce
the definitions of improving and improvable rational solutions related to the ESQP algorithm.

Definition 2.2 Let (x*, y*) € IR be the current rational solution of problem (1.1) and
let ZKot1 = (xkot1 ykotl ykotl pkotl ypkotly be a computed feasible solution of some
relaxed quadratic program QCBRy where T C N (r%0) at a given step k of the ESQP algo-
rithm such that kg > k. If z%0F! € FKKT then the solution (x¥0F!, yko+1y ¢ IR is called
improving rational solution for the ESQP algorithm whereas (x*, y*) € IR is an improv-
able rational solution.

Remark 2.1 The relaxed programs solved within the branch and bound algorithm in [3] are
almost identical to the family of programs QCBR7, where |T'| > 1.

Let z* = (x*, y*, u*, v*, w*) be the current solution of the problem (2.1), and let’s con-
sider the subsets of indexes I C S and J C R.If J€ C spp(w*), then the primal lower level
constraints with indexes i € J¢ become equalities. Similarly, if /¢ C spp(v*), then all of the
constraints of the dual lower level problem with indexes j € 1€ become equalities. A primal
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lower level variable y; or dual lower level variable u; can also be equal to zero at optimality.
We find such variables as well as the family of indexes of primal-dual lower level variables
N (r*) by using the monotonicity principles. These principles were introduced first by Wilde
[45], while Hansen et al. [26] generalized them. The HJS algorithm [27] takes advantage of
these principles within a branch and bound framework; it exploits the condition of tightness
of the lower level constraints. But, the enumerative scheme used by the ESQP algorithm may
not investigate all the combinations of partitions of indexes (I, I*C ) and (Jy, J*C ) defined
previously in order to compute a global optimal solution of the BLP problem (1.1). Therefore,
in this paper, the convergence of the ESQP algorithm to the global optimal solution will not
be possible to investigate.

Notation In this the paper, a monotonicity property will be denoted by M-property.

2.1 Necessary optimality conditions: M-principles

From the lower level objective function and the dual of the lower level program, we state
M-principles considered as the key of our algorithm. The dual lower level problem DPS(x)
has the following formulation: DPS(x)

maxu,y Df (u, y) = chx +x' Qux + (Aox — b2)'u — y' Qyy

o | 72Q0x =20,y — Biu <, 2.3)
T ly,u=>0.

The ESQP algorithm uses the KKT formulation of problem (1.1), as well as the pri-
mal-dual M-principles involving the primal and dual lower level problem, contrary to the
M-analysis introduced in [27] which deals only with the primal lower level problem. The
M-analysis is usually applied to the lower level primal variables, whereas some components
of the dual lower level variables may also be equal to zero at optimality. Therefore, the M-
analysis should be applied to the dual variable u. This approach can contribute to determine
analytically variables in the complementarity constraints which may be equal to zero at opti-
mality, contrary to the treatment that Bard and Moore [3] applied to these variables in their
algorithm.

Let’s assume that i represents the index of the ith component of the slack variable w,
whereas j represents the index of the jth component of the slack variable v. Let (B; ) be the
coefficients of matrix B;. For each lower level variable y;, j € S, let us define the following
sets:

L+ ={i:ie{l,2,....,m}, Bij >0and V, f(x,y) <0, (x,y) € Q},
I~ = {g:ie {1,2,...,m}, Bij < Oand Vy, f(x,y) >0, (x,y) € Q. (2.4)
Ix={i:ief{l,2,....m},Bjj #0andi ¢ I;+ UI;-}.

The primal M-principles stated in the theorem below gives an indication: (i) on the compo-
nents of the primal lower level variable which may be equal to zero at optimality, or (ii) on
the tightness of the primal lower level constraints at optimality.

Theorem 2.1 (Primal M-principles). Let (X, ¥) be a rational solution of the problem (1.1).
Let’s consider the lower level primal constraints; then, for all j € S, (a) there exists at least
one lower level active constraint with index i such that i € 1;+ U I;x; moreover, (b) there

exists at least one lower level active constraint with index i such thati € I o
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Proof Assume by contradiction that for some rational solution (x, y), there exists some
j € S such that Vy, f(x,y) < 0 and (a) does not hold. Let ¢ € R and consider the vec-
tor y = y + ee; where ¢; is the unit vector with the jth component equal to 1. Since f
is continuous, there exists § > 0O such that Vyj f(x,y) < O for all & < §. Moreover, as
Bry < by — Ay, there exists 8’such that y remains feasible for all & < 8’ in all constraints
with index i such thati € [ j+ U = (since (a) does not hold, i.e., constraints with index i
such thati € I j+ U I+ are satisfied as strict inequalities). It is also easy to check that (x, y)
satisfies the constraints with ; € I j—» as the corresponding function is not increasing with
respect to y;.

Consider now a vector y with ¢ satisfying 0 < ¢ < min{é, §'}. It leads to a feasible
solution with a value lower than f(x, y), which is a contradiction.
A similar reasoning can be made for (b). ]

Corollary 2.1 Let’s consider the lower level primal constraints. For any optimal solution
(x,y) of problem (1.1), the tightness of the constraints of the lower level problem is such that
forall j € S, there exists, at least one active constraint with index i such thati € I+ Uljx;
moreover, there exists at least one active constraint with index i such thati € Ij-.

Proof Since optimal solutions of problem (1.1) are rational, this follows immediately from
Theorem 2.1.

Let’s now consider the dual of the lower level program (2.3). For a given value x € P,
Q*(x) represents the dual feasible region of the lower level problem. For each dual lower
level variable u;, i € R, one defines the following index sets:

Jiw ={j:Jj €S, Bij <0and Vy, Df (u, y) > 0,u € Q*(x)},
Ji-={j:j €S Bij>0and V,,Df(u,y) <0,u € Q*(x)}, (2.5)
Jiz={j:j€S Bjj#0and ¢ J+ UJi-}.

The following theorem (respectively corollary) is a statement of M-principles, applied to the
dual of lower level program (2.3). The proof is the same as for Theorem 2.1 (respectively
corollary 2.1).

Theorem 2.2 (Dual M-principles). Let (X, y) be a rational solution of problem (1.1) and
let u be an optimal solution of problem DPS(x). Let’s consider the lower level dual con-
straints; then, for all i € R, there exists at least one active constraint with index j such that
j € Ji+ U Ji=. Moreover, there exists at least one active constraint with index j such that
jedi.

Corollary 2.2 For any optimal solution (X, y) of problem (1.1) and for any optimal solution
of DPS(x), the tightness of the constraints in problem DPS(X) is such that for all i € R, there
exists at least one active constraint with index j € J;+ U J;=; moreover, there exists at least
one active constraint with index j such that j € J;-.

Using only structural lower level and upper level primal and dual variables, the constraints
in problem (2.1) can be written as:

Ar By 0 . by
_ _ _pt
200y 20y B vyl <|d|. (2.6)
0 -, O ’ 0
0 0 -1,
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From the formulations (2.1) and (2.6), we associate to each primal lower level constraint
with index i, a boolean variable «; such that, if o; = 1, this constraint becomes an equal-
ity (i € spp(w*)). To the primal lower level variable with index j, we associate a boolean
variable & 5,4 j such that, if &, 14,4 = 1, then y;‘ =0(j € spp(y™)). Assume that f is
decreasing with respect to y; and consider the set of indexes /;+ as in (2.4). According to
Theorem 2.1, at least one of the boolean variable «; withi € I i+ is such that o; = 1. Then,
the inequality > ;. B>0% = 1 holds. Now, assume that f is increasing with respect to y;
and consider the set of indexes [;- as in (2.4). According to Theorem 2.1, at least one of the
boolean variable o; withi € ;- issuch that; = 1. As —y; < 0in (2.6), we may also have
Q4n,+j = 1. Then, the inequality Z,:Bij<0 a; + %pyny+j = 1 holds.

Note that Theorem 2.1 generalizes to bilevel programming, the first monotonicity condi-
tion in [27]. The following properties introduced by Hansen et al. [27], represent necessary
optimality conditions, formulated as the tightness of the lower level constraints; it is another
way to formulate Theorems 2.1 and 2.2.

Property 2.1 For any rational solution(x*, y*)to problem (1.1), the tightness of the primal
lower level constraints is such that:

D w4z Lif Yy, fx*, 3" <0, (pl)

i:B,'./'>0
Z o + Oty j = 1if Vy, J&5 Y >0, (p2) (2.7)
i:B,'j<0
D i = Lif Vy, f(x*, y*) = 0. (p3)
i:B;;#0
forj: 1,...,mandi =1,...,m.

As previous formulation in (2.6), we associate to each dual lower level constraint with
index m + j, a boolean variable o, j. If ot j = 1, then this constraint becomes an equality
(j € spp(v*)). To the dual lower level variable with index i, we also associate a boolean
variable o, 24,4 j such that, if o 24,4 = 1, then u;“ =0 € spp(u™)).

Property 2.2 For any rational solution (x*, y*) to problem (1.1) and for any optimal solu-
tion u* of the dual problem (2.3), the tightness of the constraints for problem (2.3) is such
that:

> ey = 1if Vi, Df (u,* y*) > 0, (dl)

J:Bij>0
Z Ut j + Omtony+i = Lif Vi, Df(u,* y*) <0, (d2) (2.8)
J:Bij<0
> @ = 1if V Df.* y*) =0, (d3)
J:Bij#0
forj=1,....,npandi =1,...,m.

Let z* = (x*, y*, u*, v*, w*) € FXXT be the current feasible solution of the problem

(2.1). From the logical relations (2.7) and (2.8), for each of the respective values Vy, f&*, vy
and V,,, Df (u*, y*) of partial gradient of the primal and dual lower level objective functions,
we introduce an M-indexes subset defined as follow:
{z : Bij > 0}if Vy, f(x*, y*) > 0
Forj € S(indexes ofy), J; = {é i By <0y U{j}if Vyjf(x*, y) <0 (29
{i : Bjj #0}if Vyjf(x*, y*) =0.
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{j: Bij <O}if Vy,, Df (u*, y*) > 0
Fori € R (indexes of u), Ji1n, = § {j : Bij > 0} U {i} if V,,, Df (u*, y*) <0
{j : Bij # O} if V,,, Df (u*, y*) = 0.
(2.10)

Note that when an M-indexes subset J; is such that ‘J fi ’ = 1, then necessarily, at optimality
one has y, =0 oru, =0, for {t} = J;.

2.2 Using the M-principles in the ESQP algorithm

The M-principles are used in the ESQP algorithm as follows: let J;, be an M-indexes
subset with the smallest cardinality, i.e., Jjo‘ = mini<j<min, ‘J j’. We define an
M-network G(,{,, as follows: we consider an initial enumeration of M-indexes subsets
Jjgs Jjis Jjps e os Jjpor Jj Jjnsny—1- Each element of Jj is a node of level 1 €
{0,1,2,...,m+ ny — 1} in the network G?W. Within an initial enumeration of M-indexes
subsets, let J;, and Jj,_, be two consecutive M-indexes subsets. An edge (i1, 12) € G?M is
such that iy € Jj,,i» € Jj,,, and iy # i>. We now introduce the concept of M-tree and
M-path as follows:

Ro+1 ** >

Definition 2.3 Let G?VI be an M-network and let Jj, be some M-indexes subset with 1 <
Jo < m +ny; we define an M-tree with a root iy € Jj, as a subset of vertexes i, € G?W such
that there exists a path called M-path, connecting iy to i,.

Walk on M-trees: Let A?VI be the set of M-trees and let T = {ip, i1, ..., i;} be an M-path
such that ip € Jj;; for I > 0, we havei; € Jj,. An M-path T is such that o; = 1 for all
i € T and o; > Oifi ¢ T; this means that at a given step k of the ESQP algorithm, the lower
level components are such that 7 C spp(r) and r; > 0 if i ¢ T. In other words, the lower
level constraints with the slack variables index i € T become equalities at z. Moreover, by
construction of the M-network, if we have forallr > 0i; € J;, N T, thene;, = l ando;; > 0
foralli € Jj, such thati # i;.
NB: In the ESQP algorithm, N (r) is an M-indexes subset for any r = (y, u, v, w).

Example 2.1 We consider the following BLP program [38].

min,y(x — 1)% + 2y — 2x
min(2y; — x)? + 2y> — D? +xy
4x 4+ 5y1 + 4y < 12,
ot —4x —5y1 +4y2 < —4, 2.11
T st 4x — 4y + 5y <4,
—4x +4y; + 5y <4,
x,y1,y2 > 0.

At the following points,[xo, ¥, yg]:[o.8190, 1.6129,0.1649], [u?, u3, u3, u]]=[0.074, 0,

0,0.477 ], one has the following vectors of partial gradients: Pf0 = [—2.2778, —2.6810] and
Df P, yo) = [8.7240, —0.7240, 0.7240, 7.2760]. The following program is a relaxation of
KKT formulation of problem (2.11): QCBRg g7

@ Springer



J Glob Optim (2010) 47:615-637

623

minx’y,u,v,w(_x - 1)2 + 2y12 —2x
—4x —5y1 +4y2 + wy = —4,

—4x +4y1 +5y2 + ws =4,
s.t.

-1 <0, (a7)
= <0, (ag)
—u; <0, (ag4i)

The primal logical relations are:

a) +ox +az+oq > 1;

[a1+a4z 1,

x, v, v, w; >0,i =1,2,3,4.

4 +5y1 +4y2 + w1 =12, (o)
(a2)
dx —4y;1 + 5y + w3 =4, (a3)
(aq)
x 4+ 8y1 + Su; — Sup — 4uz + duy — vy = 16,
8y, +4uy — 4us + Suz + Sug — vy = 4,

the corresponding subsets of M-variables are therefore: J;

{w1, wa, w3, wa}, while the dual logical relations are:

as +oag > 1,
as +ajg > 1,
ag > 1,

as +ag > 1,

with corresponding subsets of M-variables: J3 = {vy, v2} , J4 = {uz, v1}, J5 = {valet Jg

{v1, v2}.

(a6)

{w1, wa}

(as)

2.12)

and J, =

The adjacency matrix of the M-network G(z)u defined by Table 1 is constructed from the
ordered sequence subsets of M-variables: Jg, J3, Js5, J2, Ja, Ji.
The ESQP algorithm consists in applying a branch and bound method on sequen-
tial M-trees, using the link between each M-variable r; and the corresponding binary

Table 1 An example of adjacency-matrix of an M-network

Vi \%) \41 \%) \%) W1 w2 w3 W4 u Vi W1 Wy
Vi 0 0 0 1 0 0 0 0 0 0 0 0 0
\'%) 0 0 1 0 0 0 0 0 0 0 0 0 0
Vi 0 0 0 0 1 0 0 0 0 0 0 0 0
Vo 0 0 0 0 0 0 0 0 0 0 0 0 0
Vo 0 0 0 0 0 1 1 1 1 0 0 0 0
Wi 0 0 0 0 0 0 0 0 0 1 1 0 0
Wy 0 0 0 0 0 0 0 0 0 1 1 0 0
W3 0 0 0 0 0 0 0 0 0 1 1 0 0
Wy 0 0 0 0 0 0 0 0 0 1 1 0 0
Uy 0 0 0 0 0 0 0 0 0 0 0 1 1
Vi 0 0 0 0 0 0 0 0 0 0 0 1 1
Wi 0 0 0 0 0 0 0 0 0 0 0 0 0
Wy 0 0 0 0 0 0 0 0 0 0 0 0 0
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variable «;. At a step k of the ESQP algorithm such that kg > k, let Zhotl —
(ko1 kol ko1 kot ypko+1y be g feasible solution of some relaxed quadratic pro-
gram QCBRy where T C N(rk‘)) and rko = (yk‘), uko yko wko). Let R U S be the set of
indexes of the variables (y, u), and let r = (y, u, v, w) be the vector of lower level primal-
dual variables. We consider the M-indexes subset J;, j € RU S, as well as the M-property
Dic 7%= 1 attached to each subset J;. Branching is done by fixing some binary variable(s)
aj equal to 1 or oy > 0 (i.e. i € spp(r) or r; > 0). Therefore, the enumeration carrying
on M-indexes subsets according to a dichotomous branching rule: sequentially, for each
M-indexes subset J;, a single index iy € J; is chosen and the corresponding boolean var-
iable a;, is fixed to be equal to 1, and o; > O for all i € J;,i # ip. This means that, to
set ip € spp(r) when o;, = 1, it consists to check if this additional constraint leads to an
improving rational solution. If r;, is a slack variable, the corresponding constraint is active
at the optimality. At optimality, active constraints of the lower level problem correspond to

an M-indexes subset T C {i1,i2, ..., iny.il4nss-- -+ im+ny ), Where ij € Jj, j € RUS.
From M-constraints, the ESQP algorithm finds such M-indexes subset 7'which may lead to
optimality.

The ESQP algorithm uses a branch-and-bound with depth-first search technique, within
the M-trees. Let z* be the current feasible solution of problem (2.1); let A,, be an M-
tree and let 7 be an M-path with nodes included in an M-indexes subset N (r*) such
that T = {ip,iy,i2...} with iy € Jj, and i; € Jj,t > 1. The quadratic problems
QCBRy;y}, QCBRy;y i1y, - - - » QCBRy are solved sequentially in the ESQP algorithm. Let
Z be a solution of one of the above quadratic problems. A backtracking is performed if we
have one of the following conditions:

—(@1) an improving rational solution z has been computed;
—(ii) one of the above quadratic programs does not have a feasible solution;
—(@iil) z = (x, ¥, u, v, w) computed from one of the above quadratic programs such that
(x, ¥) is a rational solution and F (X, y) < F(x*, y*).

Let n;s be the level of a node iy in the network Gg,l, and Ag,, the set of M-trees. If a
backtracking condition is verified at a node is; contained in the M-path T, then the walk
along the corresponding M-tree is stopped. From the node i, we trace back indexes in 7. Let

Tp = {is,is—1,...,ip} be a subset of T containing backtracking nodes. Then, in the next
quadratic problem to be solved in ESQP algorithm, the constraints i € spp(r) fori € T (i.e.
ri = Qora; = 1foralli € Tp) are relaxed and transformed into ; > O for i € T (i.e.

a; > 0foralli € Tg). From the node i1 € T including at least one successor which has
not been investigated, other investigable M-paths are constructed. The investigation proce-
dure is stopped for an M-tree if there is no more investigable M-path from the root of such
M-tree. Let

Ro= min {n; :is € Ap}. (2.13)
AneA,
Ro represents the smallest value on the set of levels of nodes corresponding to backtracking
nodes i in the network G(/Jw-

Remark 2.2 Let Zie 7. @ > 1 be a monotonicity constraint and let J; be an M-indexes
subset. With the dichotomous branching rule, only one index iy € J; is chosen and the corre-
sponding boolean variable o, is fixed to be equal to 1 and o; > Oforalli € J;,i # io; hence,
the M-paths for which «;, = 1, forallip € K, with K C J; and | K| > 2 may not be investi-
gated. According to the construction of Ro and the backtracking rule, it is easy to show that,
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investigations on the network consisting of M-indexes subsets Jj,, J;,, Jj,, ..., Jjp,can not
improve the value of the current solution. Let Jjy,.,, Jjg,iss - - -+ Jjpsn,—; be the M-indexes
subsets for which some indexes have not been investigated by the ESQP algorithm, due to

the backtracking or dichotomous branching rules. An investigation on some of the indexes

in the M-indexes subsets Jjg, s Jjgyins - - -5 Jjy 40, May improve the solution.

According to the above remark, the construction of a new relevant M-path follows that of
a sequence of M-networks G%,,t = 1,2, ..., m +ny — Ro. We may then renew the numer-
ation of levels of nodes in subsets Jj,,i =0, 1,2, ..., m + ny — 1. Therefore, we derive an

M-network G,lw from the following ordered sequence of M-indexes subsets Jj .., Jjo, Jj; ,
Jjos s Jjros Ljgosas - s Jjusny—1 - All n0des of level Ro + 1 in the M-network G?w become
nodes of level 1 in the M-network G }w and nodes of level 2,3, ..., Roin Gzlw correspond
to nodes of level 1,2,3, ..., Ro — 1, respectively, in G?VI. In the same way, from the net-
work Gzlvj’ we derive an M-network G%,I according to an enumeration of M-indexes subsets
JRo+2s JRow1: Ljos Jjts Tjns oo os jgos Jjgosss -+ s ij+n2_1, etc. ..., for a sequence of M-
networks G',,t =3,4,...,m +ny — Ro.

2.3 Principles of an implicit enumeration algorithm

In general, the implicit enumeration may be related to search in tree algorithms. A branch-
ing algorithm consists in an implicit enumeration procedure within the set of solutions of
the problem to solve. Branching algorithms are often used in integer or mixed program-
ming. These algorithms were introduced by Little et al. [33] as well as Bertier and Roy
[8]. A synthesis presentation of these notions can be found in [26]. We use an implicit enu-
meration principle carrying on continuous variables to solve the relaxed quadratic program
QCBR7.

The ESQP algorithm consists of walks through M-paths as defined in the previous sub-
section. More precisely, let T be a path in an M-tree A,,. At a step k of the ESQP algorithm,
for ko > k, let z¥ be an improvable solution; if z¥0F! is a solution of some relaxed program
QCBRy, T C N(rk0) and z%0*! e FXKT improves the value of the upper level objective
function F, we say that the evaluation (zfo =0, t € T) corresponding to the set of variables
zt,t € T is successful. After what, we select another path if a backtracking condition is
satisfied, or if there exists at least one M-tree which has not been investigated. At each stage
of the ESQP algorithm, the goal is to find a subset of indexes of lower level primal-dual
variables T such that T C spp(r¥0*1). We write beside a node of the M-network, the index
of the corresponding lower level variable, as well as the triplet (T, z%0, F(z¥0)). An edge
(@, j) has the letter S, if because of a backtracking one can no longer walk through the M-tree
from the node i.

Remark 2.3 Let’s consider the BPL problem (1.1).

(1) Thereexistm+n, M-indexes subsets, and each of them has at most N, = max(m, n)+1
elements.

(2) By construction, an M-network has at most N = N, (m +n,) nodes (some may be iden-
tical). A walk on an M-tree is an elementary path of length p(p = 1,2, ..., m + ny).
Let N be the order of a network; according to its properties, the number of paths of
length p is equal to Aﬁrl = (N_pr_l), Therefore, we may guess that the number of
paths is equal to O (N!).

(3) Let A; be an M-tree. The number of children of a node i € Aj, written as d; (i) is the
degree of that node. By constructing an M-network, we have d; (i) < N, — 1.
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The number Ngp of M-trees with nodes such that d; (i) = k, is given by Nay =
(N — HWN k=D V=2 (see [17]).

3 The enumeration sequential quadratic programming algorithm (ESQP)

Let’s consider the problem (2.1); while relaxing the complementarity constraints u’w =
v’y = 0, and adding constraints z; = 0,7 € T; we obtain the quadratic programming
QCBR7 formulated as in (2.2). To compute an initial rational solution, the following meth-
ods can be used.

Method 1. First, solve the following quadratic program:

miny , F(x, y)
x € P,

s.t. 1 Aax + Bay < by,
x,y>0.

3.1

Let (x/, y7) be an optimal solution of problem (3.1). Set x* = x/, then the following primal
lower level problem is solved:

min,, f(x*, y)

Byy < by — Apx™, (3.2)

S.t.
y=0,

with an optimal solution is y*, u* being some dual optimal solution.

Method 2. Here, the problem (3.1) of variables (x, y) is solved, while replacing the upper

level objective function F(x, y) with the lower level objective function. Then an optimal

solution is (x™*, y*), u* is again some corresponding dual optimal solution.

Let (1.1) be a convex quadratic BLP problem; val F represents the current value of the
upper level objective function, while a current rational solution is s* = (x*, y*). Using the
notations introduced previously, first we present the procedure INV EST (G, s*) used in
the ESQP algorithm in order to investigate an M-network G, let A’ be the sets of M-trees
in Gﬁu, then the procedure INV EST (G',,, s*) follows:

Procedure INVEST(G',, s*).
Ift =0,set Ro=m +ny. Set My = Aﬁw(set of trees). While M7 # @, execute A-proce-
dure.
A-Procedure:
Select an M-tree A,, € M, then set My = Aﬁw\Am and
CHr = {Ch € A,, : Ch is an elementary path} . While C Hy # @, execute B-procedure.
B-Procedure:
Select a path Ch € CHy, thenset P = Ch,CHy = CHy\ {Ch}and T = @.
While (i) P # O or (ii) a backtracking condition is not satisfied, execute C-procedure.
C-Procedure:
Select an index i € Pof level n; in Gﬁw, thenset P = P\ {i} and T =T U {i}.
Let z5*! be a solution of some program QCBRy, T C N (r%) (if it exists).
Backtracking is performed on a node ip within the path C#h if:
(i) the family of programs QCBR, T C N (r*)has no solution or
F(xktL, yk“) > valF.
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(i) F ekt yk Yy < val F. Set val F = F (x* L, yk 1) k = k + 1. If K+ e GKKT |
then compute
d* = (Vy f(x*, %), Vu Df (u*, y%)), set 2* = zF*t1and update the M-constraints
and the M-indexes
subsets. Remove from C#h the node ip as well as its children, and stop C-procedure.
End of C-procedure.
End B-procedure.
Ift =0, set Ro = min(Ro, n;,).
End of A-procedure. (Logout with a rational solution s* = (x*, y*)and the number
Roif r = 0).

Now, the ESQP algorithm is as follows:

The ESQPalgorithm (solving the problem (2.1)).
Step 0 (Initialization).
Set k = 0, compute z* = (x*, y*, u™, v*, w*) and set val F = F(x*, y*) and z* = 2.
For j € RU S, compute the list Ly, of all M-indexes subsets J;.
For any subset J; such that ‘Jj’ = 1, set z; = 0,with {z;} = J;; remove the subset J;
from the list L s, then construct the M-network G(}{,,.
Execute procedure INVEST(GY,, s*) to compute an improving rational solution
z*, the numbers Roand d*.
Fort =1,2,...,m+ n>» — Ro, construct each of the M-network G;VI.
Step 1 (Computing an improving rational solution).
Fort =1,2,...,m + ny — Ro, execute the procedure INVEST(G',,, s*).
Step 2: (Optimality).
Stop when Step 1 is completed, (x*, y*) is an optimal solution of the
problem (QCBL).

When the current solution z* = (x*, y*, u*, v*, w*) of the problem (2.1) is such that
(x*, y*) is an improvable rational solution of the problem (1.1), the following proposition
shows that, to compute an improving rational solution, the ESQP algorithm (i) may compute
an improving primal-dual rational solution z € FXX7 and (ii) solves a finite number of
quadratic programming problems.

Proposition 3.1 We consider the convex BLP (1.1) such that the set of feasible solution 2 is
nonempty and bounded. At a given step k of the ESQP algorithm, let z* = (x*, y*, u*, v*, w*)
be a feasible solution of the KKT formulation (2.1). Let ko > k; if (x*, y*) is an improvable
solution of problem (1.1), then the ESQP algorithm may compute an improving rational
solution 7 = zK0F of problem (2.1) by solving a finite number of quadratic programs.

Proof Assume that the current solution (x*, y*) of problem (1.1) is an improvable rational
solution at a step k of the ESQP algorithm, and let ky > k. The ESQP algorithm may then
compute an improving rational solution X0+ e FKKT by means of solving the family
of quadratic programs QCBRy, T C N (r*0). If in any path T in any M-tree, any programs
QCBRy,T C N(r*0) does not have a solution, then there is no primal-dual improving rational
solution 7 € FXXT such that T C spp(z) and F(x*, y*) < F(X, ¥), which is absurd. There-
fore there exists at least a path T in an M-tree such that 7 € F¥XTis an optimal solution of
one of the program QCBR7. So the ESQP algorithm may compute an improving rational
solution when the current rational solution (x*, y*) is an improvable rational solution of the
problem (1.1).
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Now, according to remarks 2.3, every M-network G{w includes a finite number of trees.
Moreover, each of these trees has a finite number of paths. On each path, we solve a finite
number of quadratic programs of type QCBR7 in order to compute an improving rational
solution. Hence, from an improvable rational solution (x*, y*) € IR at given step k of the
ESQP algorithm, one computes an improving rational solution 7 = z%0*! of the problem
(2.1) by solving a finite number of quadratic programs where ko > k. O

Given the current rational solution (x*, y*), the iterative process of the ESQP algorithm
stops, if at the end of the enumeration carried on every path of all of the M-trees, we can
not compute an improving rational solution z, which is a feasible solution of the problem
(2.1) such that F (X, y) < F(x*, y*). The ESQP algorithm solves the problem (1.1) in a finite
number of steps. Let z* = (x*, y*, u™, v*, w*) be a feasible solution of the KKT formulation
of the BLP (1.1) and let’s consider the set of M-trees. Then one has the following situations:

(a) Forany M-tree Ay and for any path 7 inA; such that 7 C N (r*), the quadratic program
QCBR7 has no solution. (x*, y*) is an optimal solution of the problem (1.1).

(b) Letz = (x,y,u,v,w) be the optimal solution of some quadratic program QCBR7.
The following two cases are foreseeable:

(i) For any M-tree A; and for any path 7 in A; such that T € N(r*), z is not
an improving rational solution. Therefore, (x*, y*) is an optimal solution of the
problem (1.1) computed by the ESQP algorithm.

(ii) For a given M-tree Ay, there exists a path 7 in A; such that T C N(r*), Z is an
improving rational solution. Therefore, (x*, y*) is not an optimal solution of the
problem (1.1).

4 An example

We now consider the formulation (2.11) of the Example 2.1; the relaxation of its KKT for-
mulation is given by (2.12).The initial solution is:

(5% = [x0.50,59] = 108190, 1.6129, 016491 u* = [uf, u, oS, uf]
= [0.0739,0,0,0.477] ; v* = [v), 03] = [0, 01; w* = [w], w), w3, wl]
= [0, 6.681, 6.351, 0],
while the primal and dual gradients of the lower level objective functions are given by:
[P, P)] = [—2.277, —2.6811; [ Df, Dfy, DfY, Df]
= [8.724, —0.724, 0.724,7.276] .

From the adjacency-matrix of the M-network G?M on Table 1, we construct M-trees on
Fig. 1. On the tree (1) in Fig. 1, the primal-dual solutions of the relaxed program QCBRy,,
follow:

(%, y*) =[x vl »3] = [1.5185, 1.1852, 0] andu* = [uf, ud,ul, ui] = [1,0,0,01,
val F = [0.0412].

The primal-dual partial gradients of the lower level objective function are

[PfL. PfY] =1-5,—41; [Df. DfS. DfY. DfY] = [5.9259, 2.0741, —2.0741, 10.0741].
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T, ={v,},(z' valf") T, ={v,}(z' valf")

Tree (1) Tree (2)
- 0
Fig.1 M-trees of the M-network G,

Walking on that tree is stopped.

Moreover, on tree (2) of Fig. 1, the program QCBRy,,, does not have a solution. Walking
on that tree is stopped. We have Ro = 1, as an improving rational solution is computed on a
node of level 1 on the network G(},I. The M-constraints are updated, then we have:

— the primal logical relations:

ayp +og > 1,
a) +oy +az+oag > 1,
with subsets of M-variables: J; = {w1, wa} et J» = {wy, wy, w3, wa};
— the dual logical relations:

as +ag > 1,
ag > 1,

as+oapp > 1,
as +oag > 1,

with subsets of M-variables:J3 = {v, v2} , J4 = {v2}, J5 = {u3, vijet Jog = {v1, v2}.

From the ordered sequence of subsets of M-variables (Jy, J2, J3, J4, Js5, Je), we construct
the M-network G /lw represented by the Table 2. The corresponding trees are indicated in the
Figs. 2 and 3. Note that, at optimality, we have v, = 0 as J4 = {v2}. However, in order to
illustrate how the ESQP algorithm works, we do not take into account the constraint v, = 0
at optimality.

The results of walks on these M-trees are as follow:

On the tree (1) of Fig. 2, solving the relaxed program QCBRy,,; leads to the following
rational primal-dual solution:
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Table 2 Adjacency-matrix of the second M-network Gzlw

w1 W4 w1 %) w3 Wy \41 \) \%) u3 \41 \41 \%)
Wi 0 0 0 1 1 1 0 0 0 0 0 0 0
Wy 0 0 1 1 1 0 0 0 0 0 0 0 0
Wi 0 0 0 0 0 0 1 1 0 0 0 0 0
W) 0 0 0 0 0 0 1 1 0 0 0 0 0
W3 0 0 0 0 0 0 1 1 0 0 0 0 0
Wy 0 0 0 0 0 0 1 1 0 0 0 0 0
Vi 0 0 0 0 0 0 0 0 1 0 0 0 0
%) 0 0 0 0 0 0 0 0 0 0 0 0 0
Vo 0 0 0 0 0 0 0 0 0 1 1 0 0
Us 0 0 0 0 0 0 0 0 0 0 0 1 1
Vi 0 0 0 0 0 0 0 0 0 0 0 0 1
Vi 0 0 0 0 0 0 0 0 0 0 0 0 0
%) 0 0 0 0 0 0 0 0 0 0 0 0 0

T, ={w, },(Z valf?)

Tree (1)

Fig. 2 First M-tree in the M-network G}w

(", y*) = [xz, ¥2, yg] = [1.8889, 0.8889, 0], and u* = [u), ud, uJ, u)] = [1.4,0,0,0],
ValF = -1.4074

The primal and dual gradients of the lower level objective functions are

[PfL, PfY] = [-7.-41: [DfY. DfY., DfY, DfY] = [4.444, 3.5556, -3.5556, 11.5556] .
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T, ={ws }.(2’ vaif?)

Fig. 3 Second M-tree in the M-network G JIVI

Then the walk on tree (1) is stopped.
On the tree (2) of Fig. 3, one has:

— The value Val F?of the upper level objective function after solving the relaxed program
QCBRy, with T, = {wq, wy, vy, v2} is such that ValF > val F2. A backtracking is
performed.

— The previous result is gotten for program QCBRy, where T3 = {wa4, w1, v2}.

— The programs QCBRy,, QCBRy, and QCBRy, where Ty = {w4, w2}, T5 = {w4, w3, v,
vr} and T = {w4, wy, v2} do not have solution.

The walk on tree (2) is finished.
Each walks on the M-trees is built from the following ordered sequences of subsets of
M-variables

(J2, N1, I3, Ja, Is, Je) , (U3, Jo, I, Jay Js), (Ja, 3, 02, 1, I, J6)
(Js, Ja, I3, J2, J1, J6) , (Jo, J5, Ju, J3, J2, J1)

do not improve the value of the current solution. Then the optimal solution is

(*, y*) = [xl oyl y;] — [1.8889, 0.8889, 0] and ValF = -1.4074.

5 Numerical experiences of the ESQP algorithm

The ESQP algorithm was coded in MATLAB and all computations were performed on a PC
Pentium 4 (processor 3.2 GHZ, 1.24 GB of RAM). We illustrate our algorithm in two ways:

— First, we solve small size problems known in the literature.
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— Then, to solve medium size problems, the data are randomly generated using MATLAB
generator. We compare the results computed by ESQP algorithm with those computed by
the algorithm of Bard and Moore [3] (BM). To solve medium size problems, we consider
the general model of a quadratic BLP problem (1.1) where

_ Q)c Q)cy _ Ny ny
Q_|: ;y 0, and N = N)tcy Ny |’

with Q, = 0n|><n1 € Rmxm’Qy — In2 € Rm2Xn2 Qxy — Onlxnz e RMX"2 o1 = ¢p =
Ony, di =dy = Oyy Ny = I, € R"M Ny = 1,, € R*"2 Ny, = Opyxny €
R™"1*"2 O, is a null matrix, or a null vector while /; is the identity matrix.

Data are randomly generated as in [2], with a density of 20%: the elements of B, are chosen
between —20 and 20, while those of AjandA, are taken from interval [0, 20]. The coefficients
of ¢! belong to the interval [—10, 10] and those of d! belong to [10, 20]. The elements of
d? are chosen between 0 and 10. The elements of b and b, are randomly chosen between
—40 and 40. Finally, the additional lower level constraint Z'}'zl xXj+ Z';z: | Yj <ni+nais
added to obtain a bounded relaxed problem. The vector (n, ny, m) characterizes the size of
each problems solved.

Let’s recall that the ESQP algorithm solves two types of quadratic programs at every stage:

— A relaxed program of type QCBRy. The total number of such programs solved for a
given problem is designated by ND; this quantity represents the number of programs of
the same type solved by the BM algorithm.

— If zis a solution of some relaxed program QCBR, we verify that this solution is rational;
then we solve the lower level problem. NDI represents the number of times this verifi-
cation occurs for a given problem, whereas NDA represents the number of the rational
solutions contributing to improve the value of the upper level objective function. The
columns of the table representing the values of ND and NDI include two numbers: the
smaller value corresponds to the stage of the algorithm computing the optimal solution,
whereas the higher value designates the total number of programs solved. Performance
measures include CPU time (seconds) represented in a same way.

Small size problems used to test the ESQP algorithm follow:

Example 5.1 [35].

minx,y (x1 = 30)* + (x2 — 20)> = 20y1 +20y>
X1+ 2xp <30,
x1 +x2 > 20,
st.§0<x; <15, i=1,2,
miny (x; — y1)% + (x2 — 2)%,
st.0<y <15, i=1,2.

Example 5.2 [35].

ming,yy? 4+ y3 — y1y3 — 4y2 — 7x1 + 4x2
x1+x2 <1,
x1,x2 >0,
s.t. minyyl2 + O.Sy% + 0.5y32 +yiy2+ (1 =3x)y1 + (1 +x2)y2
2y1+y2 —y3+x1 —2x+2 <0,
sty
y'=O1,y2,y3) > 0.
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For Example 5.1, the Lagrange function of the lower level problem is:
L(y.2) = (1 = yD)? + (2 = y2)° + 41 (y1 = 15) + 0232 = 15),
and the corresponding first order optimality conditions follow:

Loy ' ' = 0 if yi > 07
(a) S = —2(x; — y:) + A [ <0 elSCl.

(b) A (y; —15) =0, fori =1, 2.

But, the solution computed by Muu and Quy [35] is (x, x3) = (15,7.5) and (y{, y;) =
(10, 7.5).

(b) = A7 =25 =0and (a) = x| =y} and x5 = y5.

This solution does not satisfy optimality conditions for the lower level problem; it is nearly
identical to the solution computed by the genetic algorithm of Wang et al. [44], contrary to the
solution computed by our algorithm. For small size problems, the BM algorithm computes
the same solution as our algorithm (see Tables 3, 4 and 5).

Tables 6 and 7 include the results computed, respectively, by the BM and ESQP algo-
rithms, on the convex quadratic BLP of medium size problems. We have n = n + n;. Note
that the BM algorithm was not able to solve the problem of size (n, ny, m;) = (50, 25, 9)
contrary to the ESQP algorithm; the ESQP algorithm was not able to solve the problem of
size (n, ny, mp) = (46, 23, 9) contrary to the BM algorithm. These failures may be attributed
to MATLAB environment. For problems of size n > 30, we see that the BM algorithm proved
to be slower than the ESQP algorithm.

Finally, the ESQP algorithm constitutes a compromise computing a good evaluation of an
optimal solution of a convex quadratic BLP at a least cost. On most of the examples used,
the ESQP computed a globally optimal solution.

Table 3 Results on Examples 5.1 and 5.2 (ESQP)

Example no Results in the ESQP algorithm

. y) F f ND  NDI  NDA Ro
5.1 (15,7.5,15,7.5) 231.25 0 6 2 2 1
2
5.2 (0.611,0.389,0,0,1.833)  0.6389 1.6806 2 2 2 1
77 10

Table 4 Examples 5.1 and 5.2

(Results in the references) Example no Results in the references
(x, y) F f
2.1 (1.889, 0.889, 0) —1.407 7.617
5.1 (15,7.5,10,7.5) 331.25 25
52 (0.609, 0.391, 0, 0, 1.828) 0.6426 1.6708

@ Springer



634

J Glob Optim (2010) 47:615-637

Table 5 Results on Examples 5.1 and 5.2 (BM algorithm)

Example no Results in the BM algorithm
) F f ND NDI NDA
5.1 (15,7.5,15,7.5) 231.25 0 7 2
13 2
5.2 (0.611, 0.389, 0, 0, 1.833) 0.6389 1.6806 6 2
3
Table 6 Results with BM algorithm—problems of Audet et al. [2]
n n m ND NDI NDA CPU Fghy
12 6 5 5 2 2 2 30
59 6 28
16 8 6 3 2 2 0.4 160
69 16 38
20 10 13 16 3 2 20 240
155 37 163
30 10 6 50 7 3 157 510
237 32 402
40 20 8 6 2 2 11 880
1,099 198 5,001
46 23 9 10 2 2 79 1,150
1,088 273 5,001
50 25 9 1 1 1 0 625
5 2 8
Table 7 Results with the ESQP algorithm—problems of Audet et al. [2]
n n m Ro ND NDI NDA crPU FooEr
12 6 5 6 13 2 2 2.4 30
88 11 29.5
16 8 6 1 13 2 2 48 160
36 4 63
20 10 13 2 77 3 2 64 240
88 4 72
30 10 6 2 62 23 5 57 510
123 23 158
40 20 8 1 133 6 2 260 880
179 20 407
46 23 9 1 1 1 1 0 1,058
83 1 345
50 25 9 1 120 6 3 751 1,350
183 31 992
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6 Conclusion and final remarks

The ESQP algorithm using the M-analysis, investigates some active constraints of the KKT
formulation of problem (2.1). Facchinei et al. [23] present a new technique which identifies
active constraints in a neighborhood of a solution of a nonlinear program with inequality
constraints. This technique may be applied to the KKT formulation of the general convex
bilevel programming problem, but it cannot remove the combinatorial aspect of this prob-
lem. However, it may be interesting first to define an appropriate identification function (see
[23,32]) to compute the solution of the problem (2.1); this will be done in a further research.

The test calculations with the ESQP algorithm presented in this paper seem to indicate
that the proposed algorithm is better than algorithms proposed by Muu and Quy [35] or Wang
et al. [44]. To solve problem (1.1), the algorithm of Muu and Quy [35] uses a merit function
technique to transform the initial problem and approximates the resulting problem which is
then solved within a branch and bound framework. This algorithm, may not lead to a rational
solution for problem (1.1) as shown in Example 5.1 because of the approximation method
used.

The ESQP algorithm computes almost same solutions as Bard and Moore’s algorithm [3].
However, it would be useful to find a method leading analytically to an optimal investigation
of M-indexes subsets. With the promising results of our computational results, principles of
the ESQP algorithm would be used to solve the general convex BLP problem; the ESQP
algorithm would be then combined to a trust region method.

If one can prove that walks on M-trees explore all the combinations of indexes leading
to an improving rational solution, then, the ESQP algorithm may be considered as an exact
globally convergent algorithm, even though it is built from necessary optimality conditions,
as well as the HJS algorithm in [27]. However, the ESQP algorithm may be considered as a
heuristic computing in at least one local solution of a BLP problem.

Acknowledgments The author would like to thank anonymous referees for their constructive review and
useful comments or remarks that help him very much in revising and improving the paper.
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